Eliassen-Palm, Charney-Drazin,
and the development of wave,
mean-flow Interaction theories

IN atmospheric dynamics
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My personal memories...

e I'll describe some of the work | did
with Michael Mcintyre from 1971-78.

e After — 30 years, some aspects may
have been erased from my memory!

e But I'll try to explain how our ideas
developed...

e .. and set them In context.



Earlier history

e Since the work of Starr (MIT) and
others Iin the 1950s-60s,
meteorologists had been analysing
atmospheric data in terms of zonal
means and ‘waves’ or ‘eddies’, e.qg.
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e \We can write dynamical equations
In terms of mean and wave terms.

e Take guasi-geostrophic zonal-mean
momentum equation, for simplicity:

Zonal-mean
zonal
acceleration

.
O(vu)— Convergence
Oy of ‘eddy
momentum
flux’

Coriolis term associated
with mean meridional
circulation




Interpretation?

« We seem to have a nice physical

Interpretation: mean acceleration Is
“due to”

a) mean Coriolis term
b) eddy (or wave) fluxes.
« BUT the mean meridional circulation
IS not independent of the eddies/

waves. It may even be forced by
them! (See later.)

e Direction of causality Is not clear!



‘Cancellation’

e |t Is sometimes found that the
‘eddy’ and ‘mean’ terms are nearly
equal, suggesting that they are
somehow related:

fov 9y > En

= acceleration is a small residual.
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e The full QG set of equations Is

Eddy
— heat
— - ! !
Ut—fOU—_(UU)ya flux
Subscripts = ~ _ YN =
partial 0t + 0o, w = —(v'0 )y + Q ,
derivatives

vy + :061(:0011_))2 =0,

We can solve for uy, 6;, v and w, given
the eddy terms, the mean heating @ and
suitable initial and boundary conditions.l



e Looking at only one equation (e.g.
the zonal momentum equation)
can be misleading!

e Eddy fluxes also appear In the
zonal-mean thermodynamic
equation.

To get uy, ¢, v and w, we must
solve complete set of equations
+ boundary conditions.



By the early 1970s several theoretical
studies had looked at wave-mean
Interaction In the stratosphere:

e Matsuno (1971): stratospheric sudden
warmings, mean-flow acceleration
driven by Rossby waves.

e Lindzen & Holton (1968), Holton &
Lindzen (1972): quasi-biennial
oscillation (QBO), mean-flow
acceleration driven by equatorial Kelvin
and Rossby-gravity (Yanal) waves.




How did | get involved?

e In 1971, | started a PhD at
Cambridge with Michael Mclintyre

Me in
1974
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Michael was (among other things) very interested
IN some wave, mean problems, and had (I think)
recognised the importance of wave transience and
wave dissipation in driving mean-flow changes.

He suggested | should look at the O(amplitude?)
effect of various waves on mean flows, using a
“two-timing” technique, etc.

| also looked at Lagrangian means, proposed by F.
P. Bretherton (1971).

All this was entirely analytical — no computers
were used!

The most interesting application was to the
Interaction of Kelvin and RG waves to the QBO
(later published in JAS 33, 2049-53, 1976)
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e Another important influence on me
was Jim Holton, who had a year’s
sabbatical in Cambridge while |
was doing my PhD.

James R Holton (1938-2004) 12



Ellassen and Palm (1961)

GEOFYSISKE PUBLIKASJONER

e | read this . GEOPHYSICA NORVEGICA |
 YOL. XXIL | - | NO. 3
famous | o
paper while | _ |
ON THE TRANSFER OF ENERGY IN STATIONARY
| was a | . MOUNTAIN WAVES
BY Anm; E;.mssr.ﬁ AN.I) Exox ?Azu
student...

FREMLAGT I VIDENSKAPS-AKADEMIETS M@T: DEN UDE DEstmazs 1960

Sumraary. The flow of ‘wave erergy in stationary, two-dimensional gravity waves of
srmali amplitude in a basic current where the velocity and stability varies with height, is studied.
“The vertical flux of wave energy is found to vary with height in proportion te the wind speed,
In tayers where the wave motion of & particular wave length is of the internal type, the motion
may be subdivided into two parts, one wave carrying wave energy upward, and the other carrying
wave energy downward. In the case of mountain waves, the wave with upward energy {flow may
b interpreted a8 the incident wave, set up by the mountain, whereas the wave carrying energy
downward is caused by reflection of the incident wave in higher layers in the atmosphere. Such
seftection is generally found to take place when wind or stabiiity varies with beight. The reflection
coefficients in two- and threelayer atmospheres are caleulated, '

 Fhe resulis are applied to a distribution of wind and stability typical of situations in wiuch
mouniain waves coonut, It was found that, depending on the wave length, 65100 per cent of the
wave encrgy was reflacted from the layers of strong wind in the upper troposphere. In middle
latitudes in winter, wave engrgy may be transmitted to the lower jonosphere. :

A study Is also made of the energy transfer for long quasi-static mountain waves,

Arnt Eliassen, 1915-2000 13




e ... but I didn’t fully understand It at
the time!

e Near the end of this paper was a
section on general steady, non-
dissipated waves In a zonal mean
flow.

e |t gave some mysterious relations
between “energy fluxes”,
“momentum fluxes” and “heat
fluxes” associated with the waves...
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Multiplication of this equation by [Uu + ¢ — o1 UU,p,] and averaging gives
gv = Uo7 Uy vp, — uv] | (10.5)

Next we multiply (9.4) by (Uu + ¢) and average: ‘
(f = U,) (Uw + gv) = U, (Vo + gu) - (10.6)
Elimination of gv between (10.5) and (10.6) gives

When the expressions (10.5) and (10.7) for the energy fluxes are entered into the
encrgy equation (10.3), we obtain

3 — 3. —
_é;[a_l U, vp, — uv] + '"a;[o"'l (f—— U,) vp, — uw] = 0 (10.8)

go = U™ (f— U,) o9, —uww] | (10.7)

e | don’t think anyone (except possibly
Eliassen) really understood at the time

what these meant!
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Charney and Drazin (1961)

e | also read this important paper:

Wik~ MW“‘ J

JournaL orF GrorHYSICAL RESEARCH Voruwe f6, No. 1 Janvary 1961

" L1

Propagation of Planetary-Scale Disturbances from the Lower into the - - R
Upper Atmosphere Jule Charney, 1917-81

J. G. Cuarney axp P, G. Drazin?

Massachuselts Institute of Technology
Cambridge, Massachusetts

Abstract. 'The possibility that a significant part of the energy of the planetary-wave disturb-
ances of the troposphere may propagate into the upper atmosphere is investigated. The propa-~
gation is analogous to the transmission of electromagnetic radiation in heterogeneous media.
It is found that the effective index of refraction for the planetary waves depends primarily on the
distribution of the mean zonal wind with height. Energy i reflec in regions where

1e zonal winds are eas or are large and wes . As a consequence, the summer circumpolar
anticyelone and the winter circumpolar cyclone in the upper stratosphere and mesosphere are

little inflnencad hy lawar atmasnhara matiane Tlnaresr macsr nonamn fnba dha ccamcaobhans wane 4L

Philip Drazin, 1934-2002



e |t was most famous
for working out the

mean-flow
conditions under
which linear
planetary (Rossby)
waves can
propagate into the
upper atmosphere.

But it also had a
section on the

puolfe’ /N)B = p'w (8.12)

and evaluation of the integrals in equation 2.21
for a thin horizontal layer for the case of sta-
tionary flow gives

#(duo/d2)(£,°/N*)B = d p'w'/de  (8.13)

the first term on the right-hand side of (2.21)
vanishing because of the phase shift in 0x'/dz
and dx'/dy. Differentiation of (8.12) and substi-
tution from (8.13) then lead to the result that
pB/N* and p'w’ — pBuo/N* are independent of

height if uy 5% 0. This result was first obtained
by A. Eliassen who communicated it to the
authors. It follows that equation 8.5, as well as the

boundary and interiace conditions, are homogene-
o :
identically, i.., that the second-order changes
in the zonal flow are zero,

nonlinear effects of
these waves on the
mean flow. 17



e |t showed (following a suggestion
by Eliassen) that the steady, non-
dissipated waves they considered,
had no effect on the mean flow.

e L ater this came to be called a
non-acceleration theorem.
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e Uryu (1973):
clarified EP using
Lagrangian particle
displacements. —

e Uryu (1974a,

Joumud of the Miterolagieal Soclety oi’ja.pgm Yol 51, Mo, 2
On the Trangport of Energy and Momentum in Stationary
Waves in a Rotating Stratified Fluid

By Michiya Urys

Duparimein of Physies, e Ldversicy, Fukuoku, Feiprn
DMmeiserint vecefred 35 Optaber 578, i vevived form § Mureh 2578)

Abstraet

N 'Tfsc HanspotL gmmies of sistionary waves superpased on o busic
orieontal and vertios! shears o o wmiabing siratificd fudd are doommed

Fite awemum mmoma e

wmal vurrent with

1974b, 1975..):
several papers on
O(amplitude?)

mean motions
Induced by wave
packets

Augast (974 M. Lirya 34

Induéﬁen and "ﬁanmﬁésien of Meun Zional Flow
hy Qunsi-geostrophic Disfurbances

By Michiva Liryu

Dapurisens of Physics, Facaliy of Selence, Kyusiee University, Fukuoke, Jegar.
: {Manmerripe received § Jonnary 1874, in vovived form 2 lafy 178

Abstract

Thw induction and trhosmision of mean motien by guud-geostrophic dislurbantes are disvussid,
Fao types of momenium empost pracess, Le, that iy propagating il_?.‘:!ZfT!éfE Wi \{)Mket ax_bi
dhat By vorten tube Sleetching, ars disvemed by the use of 2 sigople inviscid Bousshesg fhand
c}wmsc_i madel, The distebmce B oxclmed by tramsiont motion of e cotrtigaied Boooen, and
the svolution of mean romal fow is exsmmned.
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After finishing my PhD...

e In 1975 | went to work on other
problems with Raymond Hide at the UK
Met Office and Brian Hoskins at Reading

University.

e However, | kept up my interest In
wave-mean theory, in particular
wondering whether a general theory
could be developed that took wave
transience and dissipation into account.

20



Generalisation of EP and CD

e After much algebra, Mcintyre and |
found that we could generalise the
results of Eliassen & Palm and
Charney & Drazin.

e EP’s mysterious eddy relation
(10.8) was shown to be a special
case of a “conservation law” for
wave properties, valid when the
waves are steady and non-
dissipated.

21



Again using QG for simplicity, define EP flux

—— V6’
F = |0,—pov'u, pofo -
902

Then, to O(amplitude?),

HA
Y V-.-F=D,
ot T

where A is a measure of wave activity and D
IS wave dissipation.

he generalised EP theorem: a conservation

law for O(amplitudeQ) wave properties.
22



Transformed Eulerian-mean formulation

Introduce the residual circulation

I/ Il
v'0 v'0
v =u—pgt [E2 . T =0 ;
902 902
2 Y

then zonal-mean momentum equation becomes
ou —% —1
— — fov = V- -F
It Jo Po
and thereis no ‘eddy forcing’ in the zonal-mean
thermodynamics equation
00

The EP flux divergence is the only eddy term
here.




e SO0 the eddy heat and momentum
fluxes do not act separately, but In
the combination

0 —— , O V'’
V- F = "u/ -
ay( Povu) +6’z (Pof0902>

» the EP flux divergence

24



We then get diagnostic equations for u; and

vk

0% 1 a( 58) _
I\ a =

(V'F)yy — (POfOQ/HOz)yz

and

82|18( €3>f1_]*_
PO 15,2 T oo, \P0%5, ) | Tov =

—[;008(,051V'F)z]z — (pOfOQ/90z>yz

AN

Similar to the ‘omega equation’

25



Reduction to EP and CD

In the special case of steady (0A/0t = 0), non-

dissipated (D = 0) waves, the GEP relation
gives EP’'s result

V-F=0.
Then the TEM formulation quickly leads to
9
ou_ o
ot

CD’'s non-acceleration theorem.

26



Further generalisations

e MclIntyre and | originally did this for the
Boussinesg primitive equations on a
beta-plane, and applied it to equatorial
waves and the QBO. (JAS 1976.)

e We also generalised it to other equation
sets and spherical geometry. (JAS
1978.)

e At the same time, John Boyd (JAS 33,
2285-2291, 1976) had similar ideas.

27



NOVEMBER 1976

VOL. 33, NO. 13 JOURNAL OF THE 3??&(}3?}13?{?(3- SCIENCES

Planetary Waves in Horizonial and Vertical Shear: The Generalized
Eliassen-Palm Relation and the Mean Zonal Acceleration!

D. G. Axprews anp M. E. Molnryre

. K. Universities’ Abmaspigric Modelling Group, Departient of Geophysics, Uninersity of Reading, and Depariment of Applied
Mithematics and Theoretival Physics, University of Cambridge

{(Manuscript recelved 5 March 1975, in revized form 8 July 1876)

ABSTRACT

Using a new generalization of the Elistsen-Palm relations, we discuss the sonal-mean-flow tendency B4 /at
due {6 waves in o stratified, rotating stmosphere, with particular atiention to equatorially trapped roodes,
Wave transience, fovcing and dissipation are taken into account in a very general way. The theory makes it
possible 1o discuss the latitadinal {y) and vertical (5) dependence of 84/ qualitatively and calouduis it
divectly from an approximate knowledge of the wave structure, For enuatorial modes it reveals that the ¥
profile of 84/0¢ is strongly dependent on the nature of the foreing or dissipation mechanisra, A by-product of
the theory iz a far-reaching generalization of the theorems of Charney-Trazin, Dickineon and Holton on
the forcing of @#/8 by conservative linear waves. :

Implications for the quasi-biennial oscillation In the equatorial stratosphere are discussed. Graphs of y
profiles of /8¢ are given for the sguatorial waves considered In the recent analysis of observational data
by Lindzen and Taay (1973}, The y profiles of 48702 For Rasshy-gravity and mertio-gravity modes, in Lindzen
and Tsay’s parameter sanges, prove extzemely sensitive to whether or not small amounts of mechanical dis- -
gipation are present alongside the Tadiative-photachemical dissipation of the waves. :

The probable importance of Jow-frequency Rossby waves for the momentum budest of the degecending

- easterlies s sugpested. .

Most other people found this paper mysterious, too!
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FreruaRy 1978 D, G, ANDREWS AND M., E. McINTYRE

Generalized Eliassen-Palm and Charnéy«l)razia Theorems for Waves on
Axigsymmetric Mean Flows in Compressible Atmospheres

DG Avneews® anp M. B, McIvrvre

K. Universities’ Apmaspheric Modelling Group, Depariment of Meteorology, University of Readling, and Bepartment of 4 pplied
Mathematics and Theoretival Physicy, Infversity of Cambridge

{Manuscript recelved 10 August 1976, in final form 20 Septernber 1977}

ABRTRACT

The theovews, which exhibit the role of wave dissipation, excitation and transience in-the forcing of mean
flow changes of second order In wave amplitude by arbitrary, small-amphtude distirbances, sre obtained
1} for the primitive equations in pressure coordinates on 8 sphere, and 2} in 2 more general form {appicabls
for instance to nonhydrostatic distarbances in tornadoes or hurricanes) establishing thet no approximations
bevond axisymmetry of the mean fow are necessary. It is shown how the results zedace to those found by
Boyd. {1979) for the case of sinusoidal, hydrostatic waves with exponentially growing or decaving amplitude,
and it is explained why the approximation used by Boyd in the thermodynamic equation is net needed. The
reduction o Boyd's results entalls the uve of a virdal theorem. This theorem amounts 16 a generalization: of

 the “eguipartition” law derived in an earlier paper [Andrews and Mclagyre, 1976} That derivation
appeared to rely on an assumption abowt relstive phases of disturbance Fourier components; the present
derivation shows that no such assumption is in [act necessary.

175
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Lagrangian means

e Suggested by Bretherton in 1971, extending
Stokes (1847) for water waves, and acoustic
streaming’ ideas for sound waves.

e Take time-average following a fluid particle

(Lagrangian mean), not at a fixed point (Eulerian
mean).

N

Motion of a fluid particle y5'°
INn a growing standing wave.
Eulerian mean uE = 0, but

Lagrangian mean u- # 0.

25
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Interpreting particle displacements and Lagrangian
mean velocity when an x-average is used

A&M’s interpretation

——ex P A =
i
P - R[TDd:I .
K —

Ps Ry (initial position of o .
rod and particles)

oSN

.-.,EL

Matsuno’s interpretation
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This takes us up to 1978. What
has happened in 30 years since?

e Many researchers (especially
Japanese!) have used the transformed
Eulerian mean / EP fluxes for
diagnosing atmospheric waves In
models and data.

e The EP flux vector F can give an idea of
direction of wave propagation
(generalisation of group velocity).

e |ts divergence gives a force per unit
mass acting on the mean flow.

e Some early examples...

33



EP cross-sections

Introduced by
Edmon et al.
(JAS 1980)

JOURNAL OF THE ATMOSPHERIC SCIENCES Vorums 37

Eliassen-Palm Cross Sections for the Troposphere'

H. J. EDMON, JR.*
Joint Institute for the Study of the Atmosphere and Ocean, University of Washingion, Seattle 98195

B. ]. Hosxins
U.K. Universities' Atmospheric Modelling Group, University of Reading. Reading. England

M. E. McINTYRE®
Joint Institute for the Study of the Atmosphere and Ocean, University of Washington, Searnle 98195
(Manuscript received 30 May 1980, in final form 28 August 1980)

ABSTRACT
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Interpretation of model
sudden warmings

Dayn DAY 13

Dunkerton et al. (JAS 1981)

Some Eulerian and Lagrangian Diagnostics for a Model Stratospheric Warming'

T. DunkertoN, C.-P. F. Hsu? aANp M. E. McINTYRE?
Department of Atmospheric Sciences, University of Washington, Seattle 98195
(Manuscript received 30 May 1980, in final form 11 December 1980)

ABSTRACT
Some new di ics are pr d for a wa ber-2 sudden ing, simulated by a version of
Holton's semi-spectral, primitive-equation model. First, Eliassen-Palm cross sections exhibiting the
Eliassen-Palm (EP) planetary-wave flux together with s of the corresponding flux divergence,

are presented for selected days of the simulation. Second, a description of zonal-mean-flow evolution
in the model, simpler than the conventional Eulerian-mean description and qualitatively like Lagrangi
mean descriptions in some respects, is constructed from the transformed Eulerian-mean equations
presented by Andrews and Mclntyre (1976). In this description the mean warming is brought about by a
thermally direct **residual meridional circulation’ arising as an essentially adiabatic response to a wave-
induced torque about the earth's axis. The torque itseifl is equal to the divergence of the EP wave flux
and approximately proportional to the northward flux of quasi-geostrophic potential vorticity. Third,
some true Lagrangian means and related diagnostics are presented and discussed.




Tracer transport

e Variants of the TEM and GLM formalisms
have been used (e.g. Dunkerton, JAS 1978)
to diagnose wave-driven tracer transport in
stratospheric models (e.g. Brewer-Dobson
circulation, upper mesospheric circulation).
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;fg

Eulerian
Lagrangian
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An unusual application:
orthogonality of modes in shear flow

e Held, JAS 1985: linear modes In shear
are not orthogonal in “energy’ sense,
I.e. for 2 modes the total energy # sum
of energies of separate modes.

e However, they are orthogonal Iin the
pseudo-energy or pseudo-momentum
sense.

L dg
Inner product =/ —771 Mo dy
0 Oy

37



More recently...

e There have been many other
applications of the theory.

e | have not done much work In this
area for many years, and I am not
familiar with them all!

e However, recently | have been
collaborating with researchers Iin
the UK Met Office, to help set up
EP diagnostics suitable for their
‘non-hydrostatic’ GCM.

38



e 2 weeks ago | was asked to review
yet another paper on a variant of
the Generalised Lagrangian
Mean...!

39



Limitations of the approach

e EP diagnostics may not work well
for large-amplitude disturbances
(e.g. breaking Rossby waves In the
stratosphere, baroclinic waves In
the troposphere).

—‘Wave, mean’ separation may not be
appropriate then.

e Potential vorticity diagnostics may
be more useful In these cases.

40



Final point

e This theory has shown that there
IS No unique way of defining ‘wave’
and ‘mean’ quantities.

e Formulations such as the TEM and
GLM may be better than the
Eulerian mean for interpreting
some processes.

e But the Eulerian mean may still be
the best for other purposes.

41



The end

42
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