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Large-scale structures in
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Vortex structure, large-scale magnetic field

ascending

Typhoon, tornado White spot on Saturn

Structure formation <« Breakage of symmetry

What suppresses turbulent viscosity and/or anomalous
resistivity?

Suppression of cascade



Global magnetic fields
of galaxies

Galactic magnetic field

Toroidal magnetic field
IS observable

Magnetic-field strength
a few uG

Origin of galactic magnetic field

Primordial or Dynamo?

Magnetic field configuration in galaxy (M51)
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Accretion

Plasmas
accreting to central compact object
with rotating

Disks

Accompany star

Compact object

/

accretion disk

Astrophysical body

Compact object

Young stellar object Protostar
Cataclysmic variables White dwarf
X-ray binaries Neutron star

y Black hole

Active galactic nuclei

Supermassive black hole

Conditions for accretion: Angular momentum loss

Turbulent viscosity Alfvén wave Jet



Astrophysical jets

Bipolar jets

Mechanism for driving jet

Rotation (Vortical motion)

\

Toroidal magnetic-field generation
due to the cross-helicity effect

\

Driving jet by magnetic energy

High collimation

Collimation O(1)/0(109)

Magnetic confinement?

Jet from AGN 3C348



Solar Winds

High-speed plasma flow from stars
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Inhomogeneous turbulence » it
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Evolution of solar-wind turbulence
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(i) Alfven ratio

~ 0.5 for =3 AU

Alfvéen ratio ra =

Near the Sun Far from the Sun

Equipartition Magnetic dominance
(Alfvenic) (super Alfvenic)



(ii) Cross-helicity
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Magnetic activity of the Sun

Solar sunspot

Emergence of strong magnetic field
(thousands G)

Toroidal magnetic field
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Periodic variation of sunspot

Polarity reversal

What generates and sustains the solar magnetic field

<€— Fluid plasma motions in the Sun



Solar interior
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Geomagnetism

Polarity reversal of geomagnetic field

Irreqular
Magnetic energy >> Kinetic energy

Motion of melted iron
In the outer core

Only poloidal magnetic fields
are observable
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Geomagnetism

Planetary magnetic field

Earth Jupitor Saturn Uranus
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Fusion plasmas

Reversed field pinch
Tokamaks
Helical systems

Inertial confinement

l poloidal

Poloidal and toroidal directions

Radial profiles of magnetic-field in RFP



Mean-field equations in compressible MHD

Density

Momentum

Internal
energy

Magnetic
field

Yokoi, N., J. Plasma Phys. 84, 735840501 & 775840603 (2018a,b)
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Reynolds Turb. Maxwell
stress stress Turb. mass.
Turb. energy flux energy correl.

%pQ + V.- (pUQ) =V - (%VQ) — V- (p(ga")+Q(p'u) + U (p'q))

— (0= 1) (PQV - U+5{g'V - u) + Q (V) + Ro

Turb. energy Turb. mass
dilatation dilatation
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Turb. electromotive force
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Turbulence properties
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Turbulence

Nonlinear E(f%’t) inertial
. subrange
Cascade /7 E
: ’7 energy
Dissipative ) cascade;
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Anomalous transport

Local vs. non-local
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Isotropic vs. anisotropic Simple picture of cascade

Equilibrium vs. non-equilibrium



Effects of turbulence

Laminar pipe flow
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Enhancement of transport ﬁﬁ\

i )
Equation of mean velocity | ;
DU, (O 8 oP 0 Py, amnar

Di (a T a%) Vo= =5~ a5

a Oé>—|_y axg

2 ou, oU
Reynolds stress <u;u}3> = - Kdap — V71 ( + B) (Model)

3 8$5 8xa
vt . eddy viscosity (turbulent viscosity) (Boussinesq, 1877)
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Suppression of transport

Swirling flow in a circular pipe

Turbulent swirling pipe flow
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These flow properties cannot be reproduced
by the standard eddy-viscosity representation at all. (Imao et al. 1996)

Too much dissipative.



Axial evolution of a weak swirl

v'u,, 0.0

-0.5

(Steenbergen, 1995)
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Equation of fluctuating velocity u=U+u, U=(u), v'=u-(u)
ou’, ou,  ,0U, , oul, a ., , op’ o%ul,

Ot U oxr, ~Ya Ox, Ya 0x, * 0z, (Uata) - 0%, T ox2
turbulence—mean velocity turbulence—turbulence
interaction interaction

Instability approach Quasi-linear -> nonlinearity
ou,, oul, — ,0U, op'® 0%ul,
Ot T Ue ox, ~Ya Ox, Oz, T ox?

Linear inu’ and p'®) each (Fourier) mode evolves independently

Closure approach Homogeneous isotropic -> inhomogeneities
ou., Ou,  , Ouy, a , ., , op'®) 0%ul,
ot Vg, T TUagg, T g, Uatal ~ 5 V50

Homogeneous turbulence, no dependence on large-scale inhomogeneity



Navier—-Stokes equation in the wave-number space

Homogeneous and Olq(k;t) . SN
Isotropic Turbulence 57 Ua / / dpdqd(k — p — q)ta(p; t)ta(q;t)
(HIT)

= ikop(k;t) — vk?Uq (k;t)

The dynamics of k mode is governed by its interaction with
all other modes

E,t) inertial
A . subrange .
l e |
5 ) cascade:
R
All the scales, from the e NQ
v €
largest to smallest scales, ' , ,
have to be solved b =2m/ b y=2m/m
. Largest scale Smallest scale
Energy injection (integral scale) (viscous scale)
Energy flux 8
t =K, e} n=niv,e}

Energy dissipation



Kolmogorov microscale y = 5{v, <}

(y3>1/4
n~\—=
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Integral scale
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Scale differences

i _
Length 5~ Re /"

n o (v3)e)l/4 N (ev)3/4 N (SV )3/4 (v 3/4 =y
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- Un —1/4
O R
Velocity " e
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Time L~ Re™!/?
¢
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Largest and smallest scales In turbulence

: 3 3/2
Largest scale (integral scale) ¢=¢{K,e} P
€ £
: 3\ /4
Smallest scale (viscous scale) n=mni{v.¢} N ~ <—)
£
3/4
(Largest scale) 1 N ul 0 (Re3 / 4)
(Smallest scale) n v
Re . . . . { s . 9/4
quired grid points Ng = 0 = O ( Re
Re Ng Re Ng

Walking O(10%) 0(109)T Earth’s outer core  O(10%)  O(10"®)

cars 0(106) 0(1013.5) ?c())rl]aerconvection 0(1010) 0(1022.5)
Airplanes  O(10°%) O(10'%) Galaxies O(10™) O(10%%)

Direct numerical simulation (DNS) is just impossible in the foreseeable future



Theoretical formulation



Approaches to turbulence



Equation of fluctuating velocity

ou’, ou, — ,0U, , oul, a ,, , op’ o%ul,
ot T Vegy, T Yr,  “agm, T on, alal T g TV G0

turbulence—mean turbulence—turbulence
Interaction interaction

Instability approach —  Quasi-linear theory (+ non-linearity)

ou,, U Ou,, L ou, op®) N Vé)ngé
Ot “Or, = %0z, 0T, ox?2

Linear in v’ and p’®) each (Fourier) mode evolves independently

Closure approach  —» Homogeneous turb. theory (+ multiple scale)

ou., U ou., o ou., N a , ., , op'®) 0%ul,

ot e 4 gm, T O, Ualel ~ 5o TV

Homogeneous turbulence, no dependence on large-scale
INnhomogeneity



Nonlinearity



Renormalised perturbation expansion theory

Kraichnan, R. H. (1959) “The structure of isotropic turbulence
at very high Reynolds number,” J. Fluid Mech. 5, 497

Velocity o (ki 1) = ul (ks #) + iMooy (K) / / 5(k — p — q)dpdq

t
X / dt1 G (ks t, t1)ua (p; t1)up(a; 1)

— 0

5 1, )
Response function we(kit t') = wa)(k; t,t") + i2M.qp(K) // 6(k — p — q)dpdq

t
x/dn%mnm%mmm
t

/

Perturbation expansion with respect to the non-linearity
from a Gaussian random state at the infinite past

Velocity Response function

— e e —
= «ccxD--es 42 cee-D--- o
o L o .K .

/< < + 4 DQD/‘O/

§ -meemoes '//

0< +
16 -==-=--- '/§



Velocity equation

%ui(k; t) = —vk*u;(k;t)

05009 [ [ o uelas )30~ p — a)dpda

We assume that turbulence is in a Gaussian or random state with high turbulence
intensity in the infinite past, and statistically stationary or quasi-stationary at present.

Turbulence state that is independent of the initial or past condition

Formally integrate this with regarding the non-linear part as known

wi(k;t) = vi(k;t) + iM; 0 (k) // d(k — p — q)dpdq

t

></ dty g(k;t, t1)uj(pstr)ue(q;tr) i, k, 1

—— ui(k;t)
i, k

with  v(k:t) = A(k) exp (—vk?t) v (k; ¢)

t kRt
gk;t,t") =2t —t ) exp (—vk*(t — t)) gkt t): —-mmmmm
E P

1 for t>0, - , R
Heaviside step function =(t) = iMy (k) = ‘%
0 for t<O0



ui(k;t) = vi(kst) + M 0(k) // 6(k — p — q)dpdq ui(k;t)

t
><\/
— 00

dt1 g(k; t,t1)uj(P; t1)ue(q;tr) t k




Response function equation

The response generated by adding an infinitesimal disturbance 6f(k;t) to

2uz-(k; t) = —vk*u;(k;t

)
ot
+ iM;0(k) // u;(p;t)ue(q;t)o(k — p — q)dpdg

du; (k;t) /dk’/ Gk K5 t,t0)0 f5(K's t1)dt

The response function equation is written as

QG’. (kK1) + vk G (kK st t) — Dyj(K)o(k — K6t —t)

ot
= 2i M, (k // ue(p; t)Ghy,,(q, k5 t,t)6(k — p — q)dpdq
Integrate this with respect to k’ with putting Gy, (k, k';t,t") = G, (k; t,t")d(k — k')

agG’. (k;t,1') + vk*Gi; (ks t, t) — Dy (k)o(t — ')

— QZMzEm // Uy pa qa t t )5(k — P — q)dpdq



Formally integrate this with regarding the r.h.s. as known

Gkt t") = Gyij(ks t,t') + 2iMpem (k) // d(k — p — q)dpdq

/

/
></ dt1Gvin (ks T, t1)ue(pst1) Gy (as 1, t)
/

G'jk;t, t') :
Gv(k; t, t') -

Gik;t, t)

4
AVAVAVAVAV,V

Ty



Correlation function Qap(k,k’;t,t") Response function Gag(k, k';t, 1)

t t t t t t t, t
_I_ = _—, +2 ------------------
¢ ¢ ¢ ¢ ¢ t‘/\l t
VNN = ---D--- +4 ---D---¢(  ®--- D ---
LR SRR, \ /

Renormalisation  a part of the infinite series with respect to the propagators is
summed up to the infinite orders

fex($)21+$+x2+x3+... \
fex(m):1—|—£€(1—|—x—|—$2_|_...) fex(il?)_ 1

l—=x
No good
Truncation fex(x) =14+ 2(1 + ) \ Higher-order
Renormalisation fex(x) =1+ xfex(z) =~ - / vertex

X not included
DIA = line (propagator) renormalisation (lowest-order in vertex)



Inhomogeneity,
anisotropy, and Non-
equilibrium properties



RHK with Akira Yoshizawa at |IS in 1996

The difference between the stupidity and genius is
that the genius has its imit. (Albert Einstein)




Multiple-Scale Direct-Interaction Approximation

Mirror-symmetric case: Yoshizawa, Phys. Fluids 27, 1377 (1984)
Non-mirror-symmetric case: Yokoi & Yoshizawa, Phys. Fluids A 5, 464 (1993)

Fast and slow variables ¢=x, X =0,x; 7=1¢, T = ;¢

Slow variables X and T change only when x and t change much.
f=FXT)+ f(&X;7,T)
0 0

0

Velocity-fluctuation equation (9, = d¢)

ou’, ou,, g , , Op
or V0, T g, " T e,

_ (_u, oU, Dul, 9 0 (

l‘\

P it A Y

2 PN LAREN AN ’ S -~ -
v \ v < Lg < o

2,/
0“uy,

.
UgUg, Raa+2ana8£a))

°9X, DT 06X, 0X,
402 (VV?X’LLIQ)

W, I/ Inhomogeneities, anisotropies,
8§a tooe =0 non-equilibrium properties
b _20 +U -V

DT~ oT



Multiple-Scale DIA calculations

Scale parameter expansion  f' = fi +6f + 825+ - = Z 0" frn

Basic-field (lowest-order field) equation
oub (k; )
ot

MR (k) / / dpdq 6(k — p — Q)ud(p; T)ubi (s 7) = 0

+ ukzué(k; T)

Projection operators

1
9

k'kI

MUk (k) L2

kD" (k) + k*D" (k)] , D"(k)=4§" —
Green’s function

0G5 (k;7,7)
oT
—2i M (k) / / o0(k — p — a)dpdqug, (p; 7) G (q; 7, ')
= Dap(k)d (1 — 7"

+ vk? /aﬁ (k;7,7")




1st-order field

out,, (k;7)
ot

—2iMaap (k) // d(k —p — q)dpdquy, (P; 7)us1(q; T)

+ Vk2u1a (k; )

an Duy (k’ ’7')
= —D.(k)u, (k: — D, (k)—a
b (k)ug, (K;7) X, (k) DT,
db . 8u6c(q; T)
#2Man(K) [ 50k~ p— a)dpdayup, (pir) e E

Dl Mapea(®) | [ 80k = p — )bt (uh (pi )iy (7))

Inhomogeneities, anisotropies,
Formal solution in terms of Green’s function and non-equilibrium properties

oUy
0X,

— / dr G, (k;T,71)

ulloz(k; T) —

dr G, (k; T, m1)ug, (k; 1)

Duy, (k; 1)
DTy

8U6C (qa 1 )
aXIc

+ 2M gap (K // (k—p— q)dpdq/ dﬁG;d(k;ﬂﬁ)Z—S%a(P;ﬂ)

0
- Mapea(k) [ 50k~ p ~ a)dpda | dnGllia m) 5 (oo (pim)uiy(ai )




Statistical assumptions on the lowest-order (basic) fields

Basic fields: homogeneous isotropic

v(x)I v(xX+r) v(x)I r : /

u (x) u (x+r) w'(x+r)

Longitudinal Transverse Cross
Scalar (isotropic) quantity  Should be invariant under rotation of r, a, b
a' RV (r;t, )b = A(r;t,t)a-b+ B(r;t,t')(r-a)(r-b) + C(r;t,#)r- (a x b)
a=e', b=e —s RY(r;t,t') = A(r;t, )67 + B(r;t, ¢ )r't? + C(r;t,t)e7or?

~ . tpd g Lpd ot
R (r;t,¢') = +g<5”—w )+he””—

r2 r2 r

(03 (s 7)x ('3 7))

o(k + k')
1 k€
— Haﬁ(k)Qﬁxc(k; T, 7_,) + Daﬁ(k)Qﬁxs(kg T, T ) + 5 ﬁeaﬁcHﬁx(k; T, 7_/)
Longitudinal Transverse Cross

with solenoidal and dilatational projection operators
kP
k2

ko kP
kQ

D (k) = §%F — 17 (k) =



Calculation of turbulent correlation by DIA
(' (x:1)g (x: ) = / Ik (' (k; 7)g' (k: 7)) /5(0)
_ / ak ((FLgh) + (Fagh) + (Flgh) + ) /6(0)



Mean-field equations in compressible MHD

Density

Momentum

Internal
energy

Magnetic
field

Yokoi, N., J. Plasma Phys. 84, 735840501 & 775840603 (2018a,b)

p
ot

JE— 3 arra
o0 Pras s ey
70 0x0‘p (%Eo"u

+ V- (pU) = -V - {pa’) Turb. mass flux

0 1
- <,0 <u/au/a> T <b/ab/a> _|_ UCL< / /a> _|_ Ua< / /a>> —|—R%

Oz 1o
Reynolds Turb. Maxwell
stress stress Turb. mass.
Turb. energy flux energy correl.

%pQ + V.- (pUQ) =V - (%VQ) — V- (p(ga")+Q(p'u) + U (p'q))

— (0= 1) (PQV - U+5{g'V - u) + Q (V) + Ro

Turb. energy Turb. mass
dilatation dilatation
0B
a7 =V x (UxB+ U xb'))+1nV°B

Turb. electromotive force



Some main results of theoretical analysis

Reynolds and turbulent Maxwell stress

eddy viscosity inhomogeneous helicity
<11/11/ — b/b/>D = —vgS + vryM +ngVHQ, + - -
D: deviatoric part cross helicity

mean velocity strain § = VU + (VU)T mean magnetic-field strain M = VB + (VB)T

Q.. absolute mean vorticity (mean vorticity + rotation)

Turbulent electromotive force
Turb. Mag. Diffusivity Alpha effect
(W' xb)=4B+OVxB+9V xU+aB+ (V) xB

Cross-helicity effect Magnetic pumping
DU

—XpVPp X B —xqVQ xB — XD x B Compressibility

Turbulent mass flux
DU

(p'a"y = —k5VPp — kgVQ — KD — kB

Turbulent internal-energy flux

() = “6VQ — 17 — 5B + Non-equilibrium effects



lllustrative examples



Differential Rotation

Helioseismology shows the internal structure of the Sun.

Azimuthal velocity Meridional circulation
- Surface differential rotation is  Meridional flow
maintained throughout the poleward at surface

convection zone
- Solid body rotation in the radiative interior ° Interior structure not settled

- Thin matching zone of shear known - As stars spin faster they tend
as the tachocline at the base of the to have slower meridional
solar convection zone (just in the flows (from models)

Stable reglOn) Chen & Zhao Jackiewicz et al. Raj guu&Ant G on et al.
_poE _ N
L)

i oo

; //
] HML 2010 - 2017 GONG, 2004 - 2012 HMI, 2010 2014 GONG 1996 - 2008
m 15 -10 -5 0 555 10 15

(Hanasoge 2022) FEHERSShEE




Convection conundrum

The current numerical simulations do not capture
some basic characteristics of the solar convection
(Schumacher & Sreenivasan 2020)

E, (km?/s?)

- The convective velocity amplitude at large horizontal
scales observed by helioseismic investigations is
much smaller than the one predicted by global |

: . Iations (Hana;oge, Gizon &
convection simulatio Sreenivasan 2016)

E SEISMOLOGY

Spherical harmonic degree, £

- The differential rotation profile obtained by the global nhumerical
simulations shows the anti-prograde profile, if the solar values of
luminosity (energy transfer rate) and rotation rate are adopted in
the simulation.

- Also, if the large-scale convection motions are actually small,
how such weak flows can transfer the solar luminosity and
mean differential rotation rate observed in the
helioseismology?



Approaches to the conundrum

Rotation effect

Amplitude and length-scale of convection could be smaller than we think, leading
to a smaller Ro = U/ 2QL (Vasil et al 2022, but Kapyla 2023)

-> Inhomogeneous helicity effect coupled with rotation (Yokoi
& Yoshizawa 1993, Yokoi & Brandenburg 2016)

Coherent motion effect

Non-local heat transport via entropy rain (e.g., Brandenburg 2016, Anders et al
2019)

-> Non-equilibrium effect associated with plumes and
thermals (Yokoi, Masada & Takiwaki 2022)

Magnetic-field effect

Maxwell Stresses from small-scale dynamo acts to counteract Reynolds
Stresses that lead to anti-solar rotation profile (e.g., Hotta et al 2022)

-> Cross-helicity effect in angular momentum transport (Yokoi 2023)



Angular-momentum transport by
Inhomogeneous kinetic helicity

Yokoi, N. & Yoshizawa, A. “Statistical analysis of the effects of helicity in inhomogeneous

turbulence,” Phys. Fluids A 5, 464-477 (1993)
https://doi.org/10.1063/1.858869

Yokoi, N. & Brandenburg, A. “Global flow generation by inhomogeneous helicity,” Phys.

Rev. E. 93, 033125-1-14 (2016)
https://doi.org/10.1103/PhysRevE.93.033125

Pouquet, A. & Yokoi, N. “Helical fluid and (Hall)-MHD turbulence: a brief review,” Phil.

Trans. Roy. Soc. A 380, 20210081-1-18 (2022)
https://doi.org/10.1098/rsta.2021.0087

Yokoi, N. “Transports in helical fluid turbulence,” pp.25-50,
in Kuzanyan, Yokoi, Georgoulis & Stepanov (eds.) AGU Book: Helicities in Geophysics,

Astrophysics and Beyond (Wiley, 2023)
https://doi.org/10.1002/9781119841715


https://doi.org/10.1098/rsta.2021.0087
https://doi.org/10.1002/9781119841715
https://doi.org/10.1103/PhysRevE.93.033125

Swirling flow in a circular pipe —

Turbulent swirling pipe flow

1.0

r\2
0.5{— 0.5
‘l
,I
" %
0 0

1.0 0.5 0 r 05 1.0
R

Figure 4 Time-mean velocity profiles (uncertainties in r/R
are +1%, and in U/U,, and V/V,, are +2%)

-
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These flow properties cannot be reproduced
by the standard eddy-viscosity representation at all. (Imao et al. 1996)

Too much dissipative.



(Yokoi & Yoshizawa, PoF A5, 464, 1993)
Calculation of the Reynolds stress

Rij = (u; (&, X7, T)u} (&, X;7,T)) = /Rz‘j(kaX;ﬂ T)dk

<u/au/5> _ <u§30‘u{35> 4+ <u§30‘u615> + <u610‘u{35> 4.
+ (U uio”) + (Wi up”) + - -

(Wu'?) = —vpS* + {FO‘ (QB + 2w§) + TP (Q~ + Qw%)} N

ou* oUP 2

af _ _V-U af
where S 9P + I BV 0
7 t
Eddy viscosity VT = T8 dk/ dry G(k;m,m)Q(k; T, T1)
mixing length vy ~ Tu? ~ ul
Helicity-related 1 / 9 /t
= — [ k2dk | dr Gk;7,m)VH(E;T,
coefficient 30 o (ks 7, ) VH(E; 7, 71)

helicity inhomogeneity is essential



Eddy viscosity + Helicity model

Reynolds stress (Yokoi & Yoshizawa, PoF A5, 464, 1993)
Raos = <u’au’ﬁ>
2 oU, 0Ug OH OH 2
:—Ka — Qa— Q—_—éa QVH
3 Oap VT<8x5+8xa>+n[ 8x5+ 0, 3 g ( )

vr =C,7K, 7=K/e, n=Cgr(K’/e)

Turbulence quantities

1
K =

0u’b 821,/5
2<u ) €_V<8:Ea 8:z:a>’

Helicity turbulence model

1.2




D N S Set— u p (Yokoi & Brandenburg, PRE, 2016)

_|_

N

[en)

1

_|_

N

S
> N
> I

Set-up of the turbulence and rotation wr (left), the schematic spatial profile of the
turbulent helicity H (= <u’ - w’) ) (center) and its derivative dH/dz (right).

| e w ey Run k¢/ki Re Co n/(vr7?)
Rotation wr = (Wg, wp, wg) = (0,wr, 0) A 15 60 0.74 0.22

Bl o 150 2.6 0.27

INhOMOogeneous 1.y — 7, sin(rz /) B2 5 460 1.7 0.7
turbulent helicity B3 5 980 1.6 051

Cl 30 18 0.63 0.50
C2 30 80 0.55 0.03
C3 30 100 0.46  0.08

Summary of DNS results



Global flow generation

Bl
v O

0.01

oo Axial flow component Uvon
the periphery of the domain

-0.01

—0.04

<u'.w'>

0 2000 4000 6000 8000 TurbL”ent helICIty <ul ) w,> (top) and
mean-flow helicity U - 2wr (bottom)

0 2000 4000 6000 8000
t/T



Reynolds stress

(w'*u'P) = —vpS*F + {FO‘ (Qﬁ + 2w§) + TP (Q + ng)}
D
Early stage Developed stage
; OH ; ouUY OH
(u'Yu'?) = n2wi— 3 (u'Yu'?) = —vT n2wa —— 3

UY = (n/vr) QwFH

& 0.00
a
-0.01F

<uYu*>/<u?>

V.

o

o

o

Co?<u'w'>

o
o
o

<wu>/<u?>

-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03
RwgVH T

-0.10 -0.05 0.00 0.05 0.10
Co?<u'w'>

Reynolds stress <U’VU’Z> (top), Mean axial velocity (Y (top), turbulent

helicity-effect term (VH)? 2wrv (middle), helicity multiplied Dy rotation 2weH
and their correlation (bottom). (middle), and their correlation (bottom).



Q,
A

Physical origin

Reynolds stress RY = (u'"u'7) . ORY  OK
Vi = - oxJ + ox’
Vortexmotive force  Vu = (0’ x ')
o0 ,
a:Vx(U><ﬂ)—I—V><V1\/[-|-VV ()
Vv = —Dr2wg — vV x S DF:V.I‘OCV2H
# oU ~ —(VQH)Q* V2HN _5_H _ _<u/'5wl>
2 Tz
dU_=1(du’' x @’ ) oU, =1 (du’ X dm',) 5U = - 1 (V2H) Q.
Q.
V2H <0

Mean flow induction consuming
eminently localised turbulent helicity



Angular-momentum transport
N the solar convection zone

Angular momentum around the rotation axis

L =Tr?wp +TrU? I' =sinf

0,
Z oL+ V- (pF) =

Vector flux of angular momentum Fy,

F{ =LU" +rI'R"®

FY = LUY 4+ rTRY? Miesch (2005) Liv. Rev. Sol. Phys. 2005-1

OH (10 100"
Helicity effect R}y = T (; grUe 90 )




Helicity effect in the stellar convection zone

H A

0

Mean vorticity due to
meridional circulation

Qe

V?H > 0 U ~ —1y(VZH) Qo

Prograde mean
velocity induction



Helicity effect in the Reynolds stress

Helicity Azimuthal Helicity Reynolds '@, 7¢2|(V2H)Q,| YOKO! & Miesch

el Gradient Vorticity ~ effect  stress (2025)
OH ¢ OH _ Solar parameters
R Q ar Q u/Tu/¢ v~ 200 m S—l — 9 % 1O4cm S—l

¢ ~ 200 Mm = 2 x 10%m
T~ {l/v~10°s

rg component

W' ~ 1.2 x 10°
H_
0 —Q ‘ ~ 94 x 1071
or
OH —
ua el ‘ 10" —pp 107
.
with C,, = O(107?)

8¢ component

10,,1)| ~_ 8
ﬁ¢ la_HQ 1075 u'’u 5.6 x 10
r 00
Lo < 9.6 x 10715
(Yokoi & Miesch, GAFD, 2025) |7 99~ |~ =~
i 1 OH . 8
Magnitude same as the Reynolds stress Tl ;%Q ~ 101 —p 10




Validation of the helicity SGS
model by DNSs

Yokoi, Mininni, Pouguet, Rosenberg & Marino, Phys. Fluids (to be submitted)



Problem of Constant Adjustment

Smagorinsky model  vs = (CsA)?S

Smagorinsky constant needs to be adjusted such as

|sotropic flow Cg ~ 0.18
Mixing-layer flow Cs ~ 0.15
Channel flow Cs ~ 0.1

To alleviate

e Dynamic procedure to determine the coefficient Cs

e Alternatives to the generic form
7:15 — Cfag (Vﬁ; A) — 7&5 = Cfag (Vﬁ; A, . )

e Evolution equations of the SGS quantities



Implication to SGS modelling

Fluctuating vorticity
(Robinson, Kline & Spalart 1988)

Smagorinsky Dissipative Vortical

constant Cs nature structures
|sotropic flow 0.18 more weak
Mixing-layer flow 015 I Intermediate
Channel flow 0.1 less strong

Coherent vortical structures (streetwise vorticity)
may be related to the less dissipative nature



SGS stress Yokoi. N.. Mininni, P., Pouquet, A., et al. Phys. Fluids (2025)

TsD=uu—uu

— —VgS + 1g [VHSE -+ (VHSE)T] D

Smagorinsky model

0.010
2.0

0.005 1
O%? 1.5
2
“ 0.0001
N
S 1.0
I

—0.005 1 05

—0.010 - - - - -

—0.015 —0.010 —0.005 0.000 0.005 0.010 0.015

Ri3

R13 — —(CsA)ZSSB

Wr = (0. 0, w[)

|

’
’
y y
’
’
L

0.010

—(CsA)28Sys + C,AH3/S

—0.010

v

with a Gaussian filter
at kc=14

0.005

0.000 A

—0.005

~0.015 —0.010 —0.005 0.000 0.005 0.010 0.015

Ri3

Rqi3 = —(CsA)25513 -+ CHAQng/S

SGS helicity correction improves the SGS stress evaluation



Non-equilibrium effect in
convective transport

Yokoi, N., Masada, Y. & Takiwaki, T. “Modelling stellar convective transport
with plumes: |. Non-equilibrium turbulence effect in double-averaging
formulation,” Mon. Not. Roy. Astron. Soc. 516, 2718-2735 (2022)
https://doi.org/10.1093/mnras/stac1181

Yokoli, N. “Non-Equilibrium Turbulent Transport in Convective Plumes
Obtained from Closure Theory,” Atmosphere 14, 1013-1-22 (2023)
https://doi.org/10.3390/atmos14061013


https://doi.org/10.1093/mnras/stac1181
https://doi.org/10.3390/atmos14061013

Non-equilibrium properties

Non-equilibrium open system e
Non-equilibrium state is sustained by

the energy flux through the boundaries ”‘”“O O @ tEnergyﬂux

with mass and flow

Deviation from the local equilibrium ovwer bounda

Kolmogorov homogeneous isotropic turbulence:
Local equilibrium between the energy production/injection
and dissipation

Non-equilibrium property due to the time variation of fluctuations
along the large- or meso-scale flows

0 0 0 Du’ o
- = _|_ 5— > —
ot Ot o1 DT o1

+ (U y Vx)u,

Irreversibility Asymmetry with respect to the exchange of time variables
Hub(Ta 7_1) # Hub(Tla 7_)



Plumes In stellar
convection



Plumes and turbulent transport

Entrainment with plumes

Turner 1973 Importance of the non-equilibrium effects

Linden 2000 Entrainment assumption and scaling
Surface cooling diving plumes

Spruit 1997  Dominant role of the cooling driven plumes
Rieutord & Zhan 1995 Long-lasting effect of diving plumes

Rast 1998 Beyond hydrostatic pressure and entrainment assumption

Two layer polytropic gas configuration

Cossette & Rast 2016 More effective mixing due to radiative cooling

Entropy rain
Brandenburg 2016 Turbulence modelling implementing plume effects

Entrainment model in the supernovae explosion
Murphy & Meakin 2011 Usefulness of entrainment model
Anett + 2015 Chaotic model with roll of Lorentz



Setup for Stellar Convection

() (©) pommzzzzill A oo
Two-layer polytropic gas i ' s
. . : 8
configurations ' f )
Locally driven case : : : |
eé]tropygrad {ootem oz] e':mmpygrad = N, XN, x N, =512>x 128
Surface cooling diving plume case
(Cossette & Rast 2016,
ApdL, 829, L17) Horizontal cross section of ~ Vertical cross section of
instantaneous vertical Instantaneous temperature
, ot e velocity and horizontal fluctuations
. = 1.495 . = 1.495 velocity power spectra
% Superadiabatic 20ms™
Zi m;=1.495 mi=1.5 N g o | (R e
Lower layer |9 | Superadiabatic | Subadiabatic
(Marginally stable)
© ]
_‘ —éﬁ —5.0 —1I.5 —II‘O -0.5 0 o - - 4(;?[ N{lflor

log,eky/2m[ Mm™]



Spatial distributions of turbulent
energy flux (¢'u"*)

DNS Gradient diffusion model with
w0y mixing-length theory (MLT)
(x1079)

_30r Non-locally- [~

;% 2.0 driven 39T —— Cooling-driven ]

'43 - - %: ’ === (Gradient diffusion .

0.0 I I | | I I I I ‘M - e 1

00 01 02 03 04 05 06 07 08 09 10 - emEeeeessseennn \M
Bottom #/d Surface 0.0 LezZ

0 01 02 03 04 05 06 07 08 09 1.0
z/d
(x1077)

Locally-driven ™" [0

(0e;0u)p

Turbulent transport of the surface
cooling diving plume (non-local

transport) cannOt be properly .0..0 071 Of2 073 074 O;Z 076 077 078 079 1.0
described by the gradient-diffusion Bottom Surface

model with MLT.



Non-equilibrium effects



From the Multiple-scale DIA calculations

1st-order field Ouy, (k;7) Lk (k)
ot
20y () [ [ 80k = b~ a)dpdau (s )i (a7
an Duy (k‘ 7‘)
_ / ] B Oa ’
— Dab(k)UOa (k, 7') X, Daa(k) DT,
o 4 ) au6c(q§ 7-)
+2Mpap (k) / / o(k —p q)dpdqq2 Upa (P5 T) 92X,
0
Dotk Mapea1) [ [ 60~ p — a)dpdas - (s )by (i 7))
| b
Formal solution ey, 7y = — 9Y dﬁG’O‘b(k )l (k)
in terms of the - oXe
T ! a .
response _/ g o g -y Do’ (ki 71)
function G e 67, 71) D1
+ 2M 90 (k) / / 6(k — p — q)dpdq / drG'*(k; T, 1)

qb 8“’8((1; 71)

X q_uO (paTl) aXIc
B Mabcd(k) // 5(k_ p— q)dpdq/ dTlG/ad(k; T, 7'1)
9 0
G

(ug” (P 1 )ug” (s 71))



Non-equilibrium Effects

1

Turbulent energy K = (u'?)/2 = 5 /dk (' (k; ) “ (K5 7)) /o (k + k)

(W ') = (") + 6 ) + S ) + -

Length scale (energy containing scale) /¢~ Dissipation rate

2/3 _ 4/3 De 1 3ch
I = CK182/3€C/ — Ckoe 3/280/ Dt 1/3€ / Dt
Equilibrium effect Non-equilibrium effect

Solve this by iterations with respect to £

DK De
(e = C K3/2 — C K3/2 —2 —C K5/2 -3 =
C Al € Dt 3 € Dt
1 D K?
b =4 — C§ ilibri
C E( N D = > Equilibrium length scale
4 —1
1 D K? D K?
1+ C for —— >0
”TE<+ NKDts) “ Die ~
VT:<
1 D K? D K?
1-C for —— <0
\ '/TE( NK Dt e ) " Di e °

A(55))

gE = K3/2/€



Relevance of the non-equilibrium effect
In homogeneous shear turbulence

(Yoshizawa & Nisizima 1993, Phys. Fluids A5, 3302)
Homogeneous shear flow

Turbulent energy

U= (Ufl?? UZ'J? U, ) — (S Y, 0, O) K A Standard K—¢  Nonequilibrium
model ! model

K—¢ model
INn homogeneous shear turbulence

0K

P

ot K¢

Oe £ £ o °

i — € —P R s R [ )

5 17 Pr C 27¢ DNS
with  Prx = — (upuy) — = +vpS° P .

dy Onset of
model simulations

Standard K— model with

Non-equilibrium eddy viscosit
Equilibrium eddy viscosity . y y

K2 (1o LDE -
m=ve=0rs —— IR TN Dy e

with C, = 0.09



Non-equilibrium effects in experiment |

Round jet

0.035

(Lai & Socolofsky 2019, Environ. Fluid Mech. 19, 349)

Turbulent axial velocity fluctuation normalised |
by the square root of the dissipation rate at

the jet centre
] 2

K* [
(in turbulent round jets)

2 0.025¢

A~~~

’o
B2
@

~
L 0.02f

((w'®)?)
V €iso
D K?

—— <0

0.015¢

0.01

26 28

Dt ¢

x/D {(WX)2)Us (W) /Ue V{W'?)2)/Ue KJU? {(u'*)*)/eiso

32 34 36
x/D

30 38

31 0.26 0.20 0.19 0.1437 3.25 x 1072
37 0.26 0.20 0.19 0.1437 2.65 x 1072
(-20%)
2
1 K- U, 1 A{] )/\/ (Eiso)
K £ V{(w=)?2y ) Ue DA(a:/D)
9 Eddy-viscosity-related constant
1 DK
UNE = VE 1_CNKDt5 =vg(1—A)>uvg C,=0.09 — 0.135

—_

Transport enhancement



Double averaging
approach



Double-averaging procedure

Subgrid-scale (SGS) modelling

E(k) 4

SGS
(unresolved)

GS
(resolved)

K
AT AT
Large scale Small scale

Time-Space double filtering

Time
-domain
filtering

Double-filtering approach

e.g., Dynamic Smagorinsky model

(Germano, 1991)
E) 4

Rt
A AT A
Large scale Small scale

Space-domain filtering

Space averaged Space fluctuation

(Mean) (Turbulence)
=
(f) f

Time averaged — ~ §
(Coherent) ! 2
Plume 0
I :
[©]
S
@,
Time fluctuation ) 03
(Incoherent) f o ! 5
Random N
noise E




Time—space double averaging space-domain fittering

Filtering both in space and time domains (Mean)

Time average
Flxit) = / F(x: 8)G(t — 5)ds

Time filter
_ T (jt=s[<T)/2)
Gt =) = { 0 (otherwise)

I. Time average window
TILT K Z.

7: Turn-over =: Mean-field
time evolution time

Space average

NG = o5

/ f(x,y, z;t)dzdy
S

Space averaged Space fluctuation
(Turbulence)

<~
(f) /!

Time averaged —

. (Coherent) f
Tlme Plume
-domain I
fllterlng Time fluctuation ., ,

(Incoherent) o !
Random
Nnoise
I
f={+ f + f
_ v
f=Af f—f
coherent incoherent
fluctuation fluctuation

[ dwn 3urgeroAe uisearou]



Coherent and incoherent fluctuations

f
f=(f+ \Ji T \fi, Dispersion/Coherent fluctuation
- 7 .
coherent incoherent f=F—{f
fluctuation fluctuation 3
fr=F+ g
Rules of averaging
(= f=7f (fYy=0, (fy=0, (fy=0, f7=0

(fgy = (/)@ = () {g)
(fg"y =0, (f"g)=0,

fo="fa. fo'= = (



Turbulent energy equations

Coherent/dispersion
fluctuation

(5 + 0 ) (5@°)

0
+ <U’/£U/”a%> _ % <u//€u//a,&a>
X X

u//au//B — u//au//ﬁ _

<u//au//[3>

— yloy!b —

"o, 1103

Incoherent/random
fluctuation

%H ) (50?)

oH{u)* 1 ou'*
Ia //é . 1
i = (7 ()
u’'® Hylle g
< — > @O <€// //£>5£3
+ 2

Oxt
1 0 1
//2 //a 1 I1Y /a

(3

9, 1
10, 1a 1a\2:5¢
< ! 8x€> 8x€< (u )u>

Dispersion part of the
iIncoherent/random fluctuation correlation




Modelling of transport
with plumes



Scenario: Interaction between
coherent and incoherent fluctuations

I i Coolin
mource of incoherent Sink of coherent LSS //f////// VIS IS4
fluctuation energy fluctuation energy Plume < < <
e (Coherent ﬂuctuat10n) O Q O Q
— Lol m _ 5
e =) <, O A

el @, O

In the presence of the coherent velocity shear,
(Incoherent ﬂuctuatlon) O Py

energy transfer between the coherent and O 0O O O

incoherent fluctuation components occurs

mediated by the dispersion part of the random

fluctuation velocity correlation. Due to the non-equilibrium effect,
timescale of coherent fluctuations is
altered, leading to an enhancement of

_oum energy transfer to random
Wl 2 =V fluctuations if A < 0.

Pron — —artmdT s (25 2
K7 = —Uu'""u W_+V( — ) W >

A <0 Enhancement of energy transfer to random fluctuation



Turbulence modeling
In the time—space double averaging

Turbulent internal-energy flux
<e’u’> _ <é_ﬁ> 1+ <6”u”>

() - (@) + () ()= () = )

Coherent timescale  Incoherent timescale . @ W,
N E=——< =€
7> 7" T T/
Turbulent diffusivity with non-equilibrium effect
) i 5 :
T  ~ ~
ke |1 —Cf <u’2>AD for Ap <0  Non-equilibrium property
ENE = ¢ ] i . along the plume motion
T o .
\ RE _1—|—C7- <11’2>AD_ for AD > () ]\D _ <<ﬁV)E>




Application to stellar
convection



Set-up of the convection simulation

Polvtropic gas p = p' T
ytropic gas p = p . Lo .

p— = — - . — . m—l—l m—l—l
Fq.of State = (y—1)pe © prp=p o =(y—1)"""e

Hydrostatic balance
1 0p e\ " e\
———g=0 —> =\ P=Ds|

p 0z Es €

g
(v=D(m+1

2) Determining the spatial distribution

e = €5 + ;
of the density and pressure

y (e -

Convection instability condition

VoV >0 where _ 0o pol V. — (81119) _ (]_9@)
2 Olnp 0 0p dlnp /) 4 00p) 4
For a polytropic gas 0 Jlnéd 00 1
YPESE Sg = mr1g V= Sy " 6o " il
In the adiabatic case 1 1. e Hng | »
627_1p :ﬁp ' vadzﬁlnp:(?lnp:1_;:77
Instability condition
e ~=5/3 m < 1.5 Unstable
v—1 — m = 1.5 Marginally stable



Two-layer polytropic gas convection

(Cossette & Rast 2016, ApdL, 829, L17)

“ Local model Non-local model
g(zs — 2) \ Y ¢
e(z; <z<z) = eg+ . ms = 1.495 ms=1.495
(7 — 1) (ms + 1) S Surface layer Superadiabatic
\ ( ) Zi m;=1.495 m;=1.5
2 — 2
e(2n <2< 2) = e+ —1
Lower layer d | Superadiabatic Subadiabatic
Control parameter: é€s (anygreal by siblic)
specific internal energy at the surface (zs)
Zb Y
Local model: mg = m; = 1.495
i ' throughout the near
Non-local model: mg =1.495, m; =1.5 z;/d=0.95 convection zone surface region

v=n=1x10"*% k=1x10"* (conductivity)

. . 1%
Non-dimensional parameters —

Pr=—, Pm=

(p)

’ ith
— Wit =
n X

Pr~1, Pm=1, Ra~4.2x10° Pbottom/ Prop = 100



Results
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Entropy distributions Locally driven case Non-locally driven case

Horizontal cross-sections of the
entropy fluctuation at the top surface
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Coherent fluctuations

Local (superadiabatic driven)

(x10~
8.0

7.0
~ 6.0
5.0
| 4.0
S 3.0
= 2.0
1.0
0.0

%)

V()2 = /(@ — (7))

(x1073)

T T T T 8.0

7.0
~ 6.0
5.0

| 4.0

= 3.0
2.0
1.0
0.0

02 03 04 0.5
z/d

0.6 07 08 09 1.0

Lifetime of plume and averaging time

Non-local (surface cooling driven)

Non-dimensionalised horizontally averaged velocity is about

Non-dimensionalised full depth of the convection zone

Lifetime of the plume may be estimated (from crossing time) as

—P  Averaging time

T < 25




Non-equilibrium property
along the plume motion

Ap = <(1’1 - V)W>

(x107?)
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Turbulent energy flux (¢'u’*)

(x107°)

by DNS e s

Non-local
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modified model
________ <€{LU/Z>

{eju®)
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A similar result is obtained for the turbulent mass flux {p’u'?)
The non-equilibrium effect in the time—space double averaging

framework is a promising model approach to the stellar convection
with plume.



Summary of non-equilibrium effects
on convective plumes

Transport due to plume motion is incorporated into turbulence model
through the non-equilibrium effect through the time variation of
fluctuations along the plume motion

Turbulence modelling in the time—space double averaging framework

Turbulent convective transport of surface cooling diving plumes (non-
local transport) is properly described by the non-equilibrium model

0 (x107%)
10 T T i T T 1.8

S-gradient-driven i Cooling-driven 1.6
14 F X )
x
12 | kK,
b3y . M,
1.0 | ™ Gear *
B

10" b

downflow

WiSh IiSt §'::: » upflow :: T ,.t %
PhVSics Of plume formation lu:)()h 004 002 0 002 004 006 *02006_0'05_0'04_0'03_0'02_0'01 oio S0L 00
Statistical properties (probability distributions) (Masada, Private Commzunication)

Dynamical properties (length, aspect ratio, shape)

What determines the non-equilibrium properties of turbulence

Entropy production rate etc.



Non-equilibrium effect
In dynamos

Cross-interaction responses

Yokoi, N. “Unappreciated cross-helicity effects in plasma physics: Anti-diffusion effects

iIn dynamo and momentum transport,” Rev. Mod. Plasma Phys. 7, 33-1-98 (2023)
https://doi.org/10.1007/s41614-023-00133-4

Mizerski, K., Yokoi, N. & Brandenburg, A. “Cross-helicity effect on a-type dynamo in
non-equilibrium turbulence,” J. Plasma Phys. 89, 905890412 (2023)
https://doi.org/10.1017/50022377823000545


https://doi.org/10.1007/s41614-023-00133-4
https://doi.org/10.1017/S0022377823000545

Global flow generation by cross
helicity

Reynolds and turbulent Maxwell stress

eddy viscosity inhomogeneous helicity
u — b/b/>D = —vkS +vryyM + nHQ*VH + .-
cross helicity

Theoreticaju,
Result

D: deviatoric part

S: mean velocity strain §=VU+(VU)!

M mean magnetic-field stm =VB +(vB)'

Q.. absolute mean vorticity (mean vorticity + rotation)

cf. (W xb)=-nVxB+4VxU+aB+--

Turbulent cross helicity coupled with mean
magnetic-field strain may contribute to
transport suppression and/or global flow
generation against the’eddy-viscosity effect



Physical interpretation of
large-scale flow generation by cross helicity

Velocity fluctuation
induced by fluctuating Lorentz force

, , 0®' =V xou'
ou’ = TJJ X b
J
J. ' ’
Associated vorticity . / u’
5w’:V><(5u’ 6u__TJJ-Xb \ 8 I — ’
UL=T1 JixXb
=717V x (J xb) ;
~ (b V) b
(u'-b')>0
U =1 (u' x d’)
o« (' -b)VxJ

Non-trivial mean electric-current distribution
(Inhomogeneous J) is required

U =7(u’' x 6w’) oc (0’ -b")V x J in the direction of V xJ



Theoretical formulation (e.g., incompressible MHD)

g—?+(u-V)u:(b-V)b—VpM—2wF><11‘|‘VV211
Ob 2
EJr(u.v)b:(b-V)qunV b

V-u=V:-b=0
Multiple-scale analysis &(= x), X(= x), 7(=1t), T (= 6t)
0 0 0
Vx = Vg +0Vx; P §+58—T

fxit) = F(XT) + /(€ X;7.T)

Two-scale equations in configuration space

au/i 'au/z' O o o ap/ aQu/z' -ab/i 8u/z‘ 8uli
U’ — (uut — b b M _ —__ — Bl —
o TV %6 +8§j(u u ) + o6 ¥ ocion 90 R +oo5 =0
OB L (oUt Qb D't
_ 17 1 Jtk Ok J .
0 [b oxi (an e QO) T8 9xi T o
8 /j /1 17111 17 11 17111 8p/NI]
— P by — (Tt - b)) — M
o7 HXi
8b/z’ '8b/i 3 o . ' 82[)/7; 'au/i ab/i (%”"
i 191./1 . 19,11 o . i .
or TV % Tag Wt V) —agaa 06 et TOqxi !
OB [ OU? o Ou'* Db? , .
=9 [u” 5x7 0’ (—an +¢ Qo> +B o~ T iInhomogeneities,
< . .
9 (Wb — b’ — (b — b/:iu'i>)] anlsotrop!es., .
dX7 non-equilibrium properties



Scale parameter expansion

DD D) SELTIN| ST S DY T

Jnm
n=0 m=0 n=0 m=0 8X

Basic-field (lowest-order field) equations
Ouf(k; 7)
orT

— M (k) [ [ dpda 80k~ p — a) [udo(ps m)uia 7) — B (p: (i )] = 0

+ VkQuf)O(k; T)

abéo(h T)
ot

— iNijk(k) // dpdq 6(k —p — q) {Ugo(P; T)blgo(q; T) — bgo(P; T)Ulgo(% T)} =0

+ Ukzbgo(h T)

Projection operators
k'kI
kQ

% kD" (k) + k*D" (k)] , D"(k)=4§" —

Nk (k) = k75" — k<

MYk (k) =



fo1(k; 7) equation

0 5 i
5 vk 0 up (K;7)
0 9 '
T n bo (k; 7)
o itkm ;
H( 22047 k) [ ufylpir) 2007700 [ Hy(psr) ) (umm))

N (k) /A bo(pi7)  — N (k) f uby (i 7)
A

e ( 0 1 ) ( upho (k)
Lo\ ko ) with A://dpdq

f10(k; 7) equation
o .
s + vk? 0 uo(k; 7)
0 9 '
or d bio(k; )

bio(a; 7

. 0 0 1 ugo (k) D)
S _ pik e 2 too(k
(1 o) () ( )(b

: ouUk
—D]k(k) ( 4 Emkann> ik
+ ( . : b Mo ) ( -

bgo (k)

)



Response functions in MHD

Cross-interaction responses in incompressible MHD

Guu
511/ << u
Gub

/

Gpu
b’ < : b’
Gop

Green’s function equations

9 G, Gy,
oT
0 ﬁ+ k* GY - G
or "l ub bb
—20M / ugy 2MT / beo Gl
Nzkm/ blgo _Nzk:m ulgo GZZJ
A A

cf. Hydrodynamic case

G

u’ <



fl()(k; ’7') solution

i (e _ T — . Duk k; . k
dollr) = [ dn GO [—Df’f(k) ool Tl)—Dﬂk(k)(aU +emkmg)u85<k-n>

e DT; oxm
by (k; 1) - OB*
k 00\ 71 k m

+/ Jr (1 pOub(kym) o OB
1 Gk T, 11) [B GXI"“ — DY (k)aXmuoo(k;Tl)

) ik mkn m

— O

- D (k)

b (ko7 :/Td G (K e Dubos ) U
10(ki7) 71 Gy, (k5 7,71) | =D (k) —Djk(k)( +em’“”93> ugo (k; 1)

e D1Tj OX
by (k; 1) - OB*
Bk: 00 y 11 k m

— OO

_|_/ dr GY (k: k o0\ ™y 71 k 0B m
1 Gy (k7 11) [B X — D’ (k) 8Xmuoo(k; T1)

Dbk (k; ) oU*

_Djk k k mkn
(1 20T ki (05 ey ) b))




Turbulent electromotive force (EMF)
B3y = 7R (uIy'") = eiﬂf/dk (v (k; T)b" (K5 7)) /6(k + K').
(Wb*) = (uhobo) + (udyblo) + (Whobls) + 5{uloblo) + (udoblo) +

Turb. Mag.  Turb. Cross-helicity
Diffusivity Pumping  effect

(W' xbY=aB—-(8+VxB—- (V) xB+~V xU

a effect

I{A, B} = /dk/ dm A(k; T, m)B(k;7T,711)
Cross interaction mediated by Gu» and Gpy

1
o = — [—I{be, Huu} + I{Guua be} - I{Gbm Hub} + I{Gubv HbU}]

3

B = % L{Gob; Quut + I{Guu, Qvv} — I{Grus Qub} — I{Gub, Qbu}]

I{Gvp, Quu}t — I{Guu, Quv} + I{Gou, Quv} — I{Gub, Qbu }|

Wl = W=

[I{beaQub} + I{Guanbu} I{GbU7Quu} I{Gubabe}]



Dynamo due to the cross-interaction responses

Torsional cross correlations

ax = % [_I{Gbua Hub} + I{Guba Hbu}] — > Qax = _Tbu<u/ j/> =+ Tub<w/ : b/>
Bx = % [—I{Gpu, Quv} — I{Gup, Qou}] —> Bx = —(Tou + Tup) (0’ - b’)
(x = % FI{Gpu, Quoy — IH{Gub, Qou}] —> (x = (Tpu — Tup)(u’ - b’)

X = % [_I{Gb’m Quu} — I{Guba be}] — VX = _Tbu<u/2> — Tub<b,2>

- Vanish if Gu = Gww =0 No cross-interaction response effects

- Finite cross-interaction responses with same timescales

ax = 7-bu<_<u/ j/> + <wl y b/>) Tou = Tub Gub = Gbu 7& 0

=7,V - (0 x b’)  EMF flux across the boundary

Spectrum

Kinetic energy

- Timescale difference in responses G.;, # G _
agnetic energy
Tou 7 Tub Pm>1 o Pm<1 o

- Non-equilibrium properties Hu(7,71) # Hup(71,7)
Present talk




Cross-interaction ax

1 T

ax == 3 /dgk/ dry G (k, X7, 17, T)Hyp(k, X; 7,71, T)
1 T

+a / i / A7y Gy (b, X3 7, 71, T) Hy (b, X3 7, 71, T)

Helical functions satisfy ~ Hyu(7,71) = Hup(71, T)

1 T

ax = -3 /dgk/ dry Gy (k, X571, 7, T)Hyp(k, X; 7,71, T)
1 T

+ g/dgk/ dry Gy (k, X571, 71, T)Hyup(k, X571, 7,T)

Symmetric and anti-symmetric parts of Hup
with respect to the exchange of time variables

1
Hyy) (r.m) = 5 (Hu(r,m) + Hup(m, 7))

1
Hfb}?) (1,71) = 5 (Hup(7,71) — Hyp(71,7)) Non-equilibrium effect

Hyp(m,m1) # Hyp (11, 7)



1 T
ax == 3 /d?’k/ dry |Gup(k, X7, 71, T) + Gpy (K, X T, Tl,T)]H,L(L?)(k,X;T, 71, T)

1 T
+ §/d3k/ dTl [Gub(k,X;T, TlaT) _Gbu(kax;Ta TlaT)]H’L(L?(k7X;Tl’T’ T)

Non-equilibrium alpha

1 T
Qneq = — 3 /dgk/ dry |Gup(k, X; 7,71, T) + Gpy (k, X5 T, Tl,T)]H?S?)(]{, X;7,7m,T)

Simple model

G(1,71) = Gup(7,71) + Gou(7,71)  Independent of k

1 [ .
nen = =3 [ dm1 9.7 5o0) Vi 1)

/ o/ 1 / o/ / o/
where (ugg ‘J00>(A) (x;7,71) = 9 (oo (x5 7) - Joo (x5 71)) — (g (X3 71) - Joo (X5 7))

(A) (

Memory effect is crucial since (ugg - Joo) ™ (x;7,7) =0



92 0 Gi, G

oT
0 9 4+ pk? ij ij
or g G G

—2Mm / ugy  2MH™ / beo Gl Gp? ) 1 0
+1 | A | | | =0Y6(r —7)
Nzk:m/Abé:O _Nzk:m AU(IS:O GZZJ GZZJ 0O 1

The response functions Gus must be an odd function of boo

(ugg - Joo) pure scalar —l Gub Skew

Dynamic quantity that is odd in bop and skew === Cross helicity (ugg - byg)

2 (7 .
nea ~ =3 [ 0O (7, 1) o) Vi )

where Y(x;7,71) = Normalised cross helicity

S Qneq ~ ——/ dry (T<S>(X; T, 7'1)) (ug - w60>( )(X; T, T1)



Non-equilibrium alpha
(neq ™~

Validation of aneq by DNSs

g |l Vo || Bo || wr

Co-existence of kinetic and cross helicities

0.01E
0.00 &
~0.01 ¢

norm. helicities

2 [T 2
(S) (- Iyt V(A) (4
2 [ an (Y90amm)) (b wio) Vi)
— OO
Cross helicity Non-equilibrium helicity
Qr || Vo —— Kinetic helicity
B||Vp — & Cross helicity
g vag (u’-p’) (u’-w’) (b’§") Oneq as Urms VA
cgkzl Cs \/<u’2)<b’2> \/(u’2><w’2) \/(u’2>(w’2> o o Cs Cs
C 05 0.01 —98x1072 —16x1072 —2.0x107* 78 x107* 1.8x 1072 0.10 0.03
A 1.0 001 —-1.7x107%2 —3.0x1072 —-33x107%* 1.1x10"% 3.5x1072 0.11 0.04
D 20 001 —2.0x1072 —36x1072 —28x107%* 6.1x107* 4.1x10"% 0.16 0.04
E 05 010 =55x1072 —19x%x1072 —6.2x107% —5.6x 1072 1.5x 1072 0.08 0.07
B 1.0 0.10 =53 x 1072 —32x1072% —1.2x1072 23x1072 1.8x1072 0.09 0.12
TABLE 1. Summary of the simulation results for Runs A-E.
(u’-b’) (u’-w’) (b’-§") Oneq as Urms VA
\/(u’2)<b’2) \/(u’2>(w’2) \/(u’2>(w’2) ag ag Cs Cs
A 30 —1.7x1072% —3.0x1072 —-33x10"* 1.1x10"2 35x1072 0.11 0.04
A2 10 —1.3x107' —1.2x107Y 13x107® —1.7x107% 6.9x 1072 0.12 0.12
A3 3 —64x1072%2 —2.1x107!Y —=3.0x1072 —6.0x 1072 55x 1072 0.19 0.09

TABLE 2. Summary of the simulation results for Runs A, A2, and A3.




Summary of non-equilibrium
effects on dynamos

Cross-interaction response functions
Guba Gbu

Torsional cross correlations
<u/ 'j/>7 <w, ) b/>

Non-equilibrium properties of turbulence

(o (35 7) - Joo (%3 71)) 7# (oo (x:71) - Joo (%3 7))

Co-existence of kinetic and cross helicities
<u/ ] b/>, <u/ ] w/>



Beyond heuristic modelling



Mean-field equations in compressible MHD

Density

Momentum

Internal
energy

Magnetic
field

Yokoi, N., J. Plasma Phys. 84, 735840501 & 775840603 (2018a,b)

p
ot

JE— 3 arra
o0 Pras s ey
70 0x0‘p (%Eo"u

+ V- (pU) = -V - {pa’) Turb. mass flux

0 1
- <,0 <u/au/a> T <b/ab/a> _|_ UCL< / /a> _|_ Ua< / /a>> —|—R%

Oz 1o
Reynolds Turb. Maxwell
stress stress Turb. mass.
Turb. energy flux energy correl.

%pQ + V.- (pUQ) =V - (%VQ) — V- (p(ga")+Q(p'u) + U (p'q))

— (0= 1) (PQV - U+5{g'V - u) + Q (V) + Ro

Turb. energy Turb. mass
dilatation dilatation
0B
a7 =V x (UxB+ U xb'))+1nV°B

Turb. electromotive force



Some main results of theoretical analysis

Reynolds and turbulent Maxwell stress

eddy viscosity inhomogeneous helicity
<11/11/ — b/b/>D = —vgS + vryM +ngVHQ, + - -
D: deviatoric part cross helicity

mean velocity strain § = VU + (VU)T mean magnetic-field strain M = VB + (VB)T

Q.. absolute mean vorticity (mean vorticity + rotation)

Turbulent electromotive force
Turb. Mag. Diffusivity Alpha effect
(W' xb)=4B+OVxB+9V xU+aB+ (V) xB

Cross-helicity effect Magnetic pumping
DU

—XpVPp X B —xqVQ xB — XD x B Compressibility

Turbulent mass flux
DU

(p'a"y = —k5VPp — kgVQ — KD — kB

Turbulent internal-energy flux

() = “6VQ — 17 — 5B + Non-equilibrium effects



Transport coefficients

Mean fields One-point
turbulent statistical quantities

17
E (K, = ("]
0 represented by | k= % (0 + b'?)
oul \ .\
€:V<(8x(;) >+"<(aaf;> >
Log E(k,t) )

W= (u-b')

:5W =@t <8a:b 6:52>]
| [H = (—u !+ b )]

> Logk

f;'l 0y
. . * Model structures
Beyond the heuristic modelling

* Transport coefficients



MEAN
LARGE SCALES

Transport Transport
suppression = enhancement

Inhomogeneities

- Helicity effect = - Eddy viscosity - Velocity strain - Magnetic strain

_Cross-helicity | - Turbulent magnetic - F/€ctric current | - Vorticity

effect diffusivity
Transport Production
coefficients rates

Intensity of turbulence:
energies

TURBULENCE
SMALL SCALES

Structure of turbulence:
helicities



Turbulent magnetic
reconnection



Reconnection
rate
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Turbulence modeling approach to magnetic reconnection
Yokoi & Hoshino, Phys. Plasmas 18, 111208 (2011)

Spectral evolution

Electric-current and flow structures

Kinetic energy Magnetic energy
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Widmer, Blchner & Yokoi, Phys. Plasmas 23, 092304 (2016)



Self-consistent determination of turbulence times

Widmer, Blchner, and Yokoi (2019) Phys. Plasmas, accepted on 25 Sep. 2019

Reconnection rate with
changing initial turbulent energy
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and energy dissipation rate ¢ and turbulent quantities



Advertisement:
Turbulence, Reconnection, Dynamos, Helicities...

Yokoi, N. “Turbulence, transport and reconnection,” Chap. 6 in -
Topics in Magnetohydrodynamic Topology, Reconnection Topicsin .
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