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ABSTRACT

A simple one-dimensional radiative-convective equilibrium model is used to investigate the relationship
between the surface temperature and the outgoing infrared radiation at the top of the atmosphere. The model
atmosphere has a gray infrared absorption coefficient and is composed of a radiative equilibrium stratosphere
and a moist adiabat troposphere.

An upper limit of the outgoing infrared radiation is found to exist. The existence of the upper limit is
characterized by the radiation limits that appear when the optical depth of the entire atmosphere becomes
sufficiently deep and the temperature structure around the levels where the optical depth is about unity approaches
a fixed profile. This appearance of an upper limit differs from that found by Komabayashi and Ingersoll, which
is obtained from the constraint of the stratospheric radiation balance.

As one of those radiation limits, the outgoing infrared radiation has an asymptotic limit as the surface
temperature increases. This is caused by the tropospheric structure approaching the water vapor saturation
curve, It is considered that the asymptotic limits appearing in the radiatively and thermodynamically more
complicated models utilized by Abe and Matsui and Kasting are corresponding to this asymptotic limit indicated
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in our model.

1. Introduction

The problem of whether or not the oceans would
evaporate plays an important role in studying the evo-
lution of atmospheres of terrestrial planets, It has been
suggested that, since water vapor is a very efficient in-
frared absorber and its saturation vapor pressure is a
rapidly increasing function of temperature, the oceans
would evaporate rather easily by the so-called runaway
greenhouse effect (e.g., Plass 1961; Gold 1964). We
can imagine an unstable process in the following way.
Let us assume a situation where the incident solar flux
into the atmosphere Fj is slightly increased. As F; rises,
the surface temperature T will also increase. The higher
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T, will cause a large increase in the water vapor supply.
As a result, the mass of the infrared absorber will make
a great gain, and to obtain an increase in Fjg,op, the
outgoing infrared radiation at the top of the atmo-
sphere, which should balance with the original increase
in Fy, T, will have to become even higher. The increase
of T, will cause a further supply of water vapor that
will cause T to rise farther. It is expected that this
feedback process will continue until the oceans are
completely evaporated.

We have to note, however, that previous studies re-
lated to the runaway greenhouse effect (e.g., Koma-
bayashi 1967, 1968; Ingersol 1969; Kasting 1988; Abe
and Matsui 1988) did not pursue the dynamic behavior
of the atmosphere and did not confirm the existence
of the effect as an unstable process, as described above.
They considered an atmosphere in an equilibrium state
and obtained conditions for the oceans to exist under
it. In order to distinguish those steady-state consider-
ations from the instability idea of Plass (1961) and
Gold (1964), the atmospheric state where the ocean
cannot exist in an equilibrium state will be referred to
as an atmosphere in a runaway greenhouse state.
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The purpose of this paper is to investigate the at-
mospheric structures that cause the runaway green-
house state. We have to make another note, however,
before approaching this problem. We can distinguish
three cases of seawater evaporation in an equilibrium
state (Abe 1988). The first case is that the whole water
mass is not enough; all water on the planet is contained
in the atmosphere because the water mass of the planet
is smaller than a certain value determined by the sur-
face temperature. The second case is that liquid water
cannot exist thermodynamically on the surface; there
is no ocean water by definition when the surface tem-
perature is higher than the critical temperature of water.
In these two cases, however, the greenhouse effect of
water vapor is not essential; provided that there are
enough absorbers (carbon dioxide, for instance), these
atmospheric states can emerge even if water vapor is
transparent to infrared radiation. These are the cases
that are unsuitable for the term “runaway greenhouse.”

The third case is the focus of our discussion in this
paper. As will be mentioned in the following, it is pos-
sible to define an equilibrium state where the oceans
cannot exist, not by considering the water mass or the
critical point, or both, but by considering the radiation
properties of the atmosphere. Infrared absorption of
water vapor plays an essential role in evaporating sea-
water in this case. In the following only this third case,
where the ocean cannot exist in an equilibrium state
regardless of the water mass or the critical point of
water, or both, will be referred to as an atmosphere in
a runaway greenhouse state.

The existence of a runaway greenhouse state was
demonstrated mathematically by Komabayashi (1967,
1968) and Ingersoll $ 1969). They found that there is
an upper limit of Firep to the atmosphere that is in
equilibrium with the ocean. This means that when the
incident solar flux exceeds the upper limit the atmo-
sphere with the ocean cannot remain in an equilibrium
state. The ocean must evaporate regardless of its mass,
and the atmosphere will be in a runaway greenhouse
state. The model utilized by Ingersoll is quite simple.
It consists of only a gray stratosphere in a radiative
equilibrium state. The condition of the existence of the
ocean is replaced with the assumption that the water
vapor at the tropopause is given by saturated water
vapor pressure. Komabayashi (1967, 1968 ) composed
a similar simple model but with only one component,
assuming a water vapor atmosphere. In what follows,
the upper limit of the outgoing infrared radiation ob-
tained by Komabayashi and Ingersoll will be called the
Komabayashi-Ingersoll limit.

Further investigations on runaway greenhouse states
have recently been carried out using models with more
precise radiative and thermodynamic processes and
with the area expanded to the troposphere (Kasting
1988; Abe and Matsui 1988). The results of these
models indicate that runaway greenhouse states are
obtained as a singular behavior of F mep. The results
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of Abe and Matsui (1988) showed that when F mep
reaches around 305 W m™? the atmosphere and ocean
cannot coexist in an equilibrium state. The results of
Kasting (1988) are similar; in the range of 400 < T
< 1500 K, Flgoop retains the value of 309 W m~2 (Fig.
7, Kasting 1988), which means that 7 will undergo
an extreme change at around F fmop ~ 300 W m2and
the ocean will evaporate if the incident solar flux is
increased above this value.

By reviewing these studies, it is found that the pos-
sibility of the occurrence of a runaway greenhouse state
can be investigated by searching for the existence of
singularities in the behavior of F fmop, such as an
asymptotic value or an upper limit. In the following,
we will refer to these singularities as the “radiation lim-
its” of the atmosphere. The atmosphere, which takes
in more incoming solar radiation than the radiation
limit, can be regarded as in a runaway greenhouse state.

In the following section we will reveal the atmo-
spheric structures by which radiation limits emerge.
The existence of an asymptotic value for F fmop, as seen
in Abe and Matsui (1988) and Kasting (1988), seems
to be what corresponds to the Komabayashi-Ingersoll
limit in a more complex model that includes the tro-
posphere. It is unfortunate, however, that the handling
of the thermodynamic and radiative processes in those
models are all complicated, and it is not easy to follow
what is actually happening. In section 2 we will intro-
duce a simple one-dimensional atmospheric model
with a stratosphere that is in a radiative equilibrium
(as is Ingersoll’s) and a troposphere with an appropriate
moist adiabatic lapse rate. In section 3 we will try to
ascertain what kind of atmospheric structures create a
radiation limit. It will be revealed that the origin of the
asymptotic limit appearing in Abe and Matsui (1988)
and Kasting (1988) is completely different from that
of the Komabayashi-Ingersoll limit.

2. Model

The model employed here will be described here in
detail. It is the so-called one-dimensional radiative—
convective equilibrium model. A comparison between
the models of Komabayashi (1967, 1968), Ingersoll
(1969), Kasting (1988), Abe and Matsui (1988), and
our model is summarized in Table 1. The important
points are that in our model the stratosphere is in ra-
diative equilibrium similar to Ingersoll (1969) and the
radiative and thermodynamic processes of the tropo-
sphere are taken into consideration as in Kasting
(1988) and Abe and Matsui (1988), though the for-
mulation is extremely simple. The values of parameters
used in our calculations are summarized in Table 2.

a. Components of the atmosphere

It is assumed that the atmosphere consists of two
components; the noncondensable component and the
gas phase of the condensable component. These com-
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TABLE 1. A comparison of the models of Komabayashi (1967, 1968), Ingersoll (1969), Kasting (1988),
Abe and Matsui (1988), and our model.
Komabayahi Ingersoll Kasting Abe and Matsui
(1967, 1968) (1969) (1988) (1988) Our model
Stratosphere Radiative equilibrium Radiative equilibrium Isothermal Radiative equilibrium Radiative equilibrium
Water vapor Constant mole Constant mole Constant mole
saturated fraction fraction fraction*
Tropopause Not considered Water vapor Water vapor Water vapor Water vapor
saturated saturated saturated* saturated
Troposphere Not considered Not considered Saturated Saturated Saturated
Adiabatic lapse rate Adiabatic lapse rate Adiabatic lapse rate
Radiative Nonscattering Nonscattering Scattering Scattering Nonscattering
process Gray Gray Absorption depends Absorption depends Gray
on wavelength on wavelength
Components Ideal gas Ideal gas Nonideal gas Nonideal gas Ideal gas
One component Two components N,, 02, CO,, H,O CO,, H,O Two components
Critical Not treated explicitly Not treated explicitly exists (647.1 K) exists (647.1 K) None
point

* The actual condition was to take the smaller value of either the water vapor mole fraction of the lower layer or the mole fraction of saturated water vapor.

The results, however, were shown in the table.

ponents behave as an ideal gas. The condensable com-
ponent is an imaginary matter whose gas-liquid equi-
librium curve will approximate that of actual water. It
has liquid and gas phases, but does not have a solid
phase. The latent heat per mole, /, the mole specific
heat of the gas phase of the condensable component,
¢pv, and the mole specific heat of the noncondensable
component, ¢,,, are assumed to be constant and in-
dependent of temperature. Since / is constant, the spe-
cific heat of the liquid phase of the condensable com-
ponent is equal to ¢,,, and the critical point does not
exist.

We further assume that the liquid phase volume is
ignored in the Clausius—-Clapeyron relationship, which
gives the saturation water vapor pressure p* to be

l
* = p* _—
p*(T) = po eXp( RT),
where T is temperature, R is the gas constant. The
values of / and p¢ are given here so that p*( T') will
approximate the table and the formula described in
Eisenberg and Kauzmann (1961).

We assume that the molecular weight of the non-
condensable component m,, is the same as that of the
condensable component »m,. By this simplification, the
average molecular weight 7 becomes independent of
the mixing ratio of the noncondensable component,
which makes calculations and interpretations easier.

In our model formulation we did not include the
existence of the critical point (7, = 647.1 K) because

TABLE 2. Values of various quantities used in the calculations.

Physical constants

Gas constants
Acceleration of gravity
The Stefan-Boltzmann constant

R =8.314 J mol™' K™!
g=98ms7?
=567 X107 Wm2K™*

Parameters of model

Molecular weight of noncondensable component m, = 18 X 107 (kg mol™")
Molecular weight of condensable component _ m, =18 X 107 (kg mol™")
Mole specific heat at constant pressure of condensable component Cw = 4R

Latent heat of condensable component

Constant for the water vapor saturation curve

Mole specific heat at constant pressure of noncondensable
component

Amount of noncondensable component at the bottom of
atmosphere

Absorption coefficient of condensable component

Absorption coefficient of noncondensable component

{ = 43655 (J mol™)
p¥ = 1.4 X 10" (Pa)
¢on = 3.5R (sections 3b, 3c, 3e)

Con = 4.5R (section 3d)

Do = 10° (Pa) (sections 3b, 3e)
Do = 10* ~ 107 (Pa) (section 3c)
Do = 10° ~ 108 (Pa) (section 3d)

%, = 0.01 (m? kg™') (sections 3a-3d)
&y = 0.01 or 0 (m? kg™") (section 3¢)
ks = 0 (m? kg™") (sections 3a-3d)

ks = 0 ~ 0.01 (m? kg™") (section 3e)
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its existence does not seem to affect the asymptotic
behavior of F} reop (Kasting 1988, Fig. 7). In the fol-
lowing, the condensable component will be occasion-
ally called “water,” its gas phase “water vapor,” and
the gas-liquid equilibrium curve will be called the sat-
urated water vapor pressure curve.

b. Radiative transfer

The atmosphere is assumed to be transparent to solar
radiation. The absorption coefficient of infrared radia-
tion is constant and independent of wavelength (gray).
The noncondensable component, however, is trans-
parent except for that in section 3e. The effect of ra-
diation scattering is not considered.

The optical depth 7 is defined by

dj
dt = (kpXMy + K Xpi,) -_£ s
mg

(1)
where p is the pressure, g is the acceleration of gravity,
k, and «, are the absorption coefficients of the con-
densable and noncondensable components, respec-
tively, and x¥ = p*( T)/p and x,, are the mole fractions
of the saturation condensable and the noncondensable
components.

The radiation transfer equation is integrated by using
the Eddington approximation. The upward and down-
ward radiation flux densities (F ir and F fR) can be
written as

Fin(r) = xB(r) = [ L =By

X exp(— -:2;- (7 - ‘r))d‘r', (2)

T

Fin(r) = 7B(1) - [ =2 (xB(r)

X exp(—- % (r — 1’)) 7 — wB(0) exp(-— % 1') (3)

where B = ¢T*/ is the blackbody radiation intensity,
o is the Stefan-Boltzmann constant, and 7, is the op-
tical depth of the entire atmosphere. Note that mep
= Fi(0).

c¢. Structure of the troposphere

The troposphere is assumed to be saturated. The
temperature lapse rate in the troposphere is assumed
to be a moist pseudoadiabatic lapse rate given by

RT N x¥ I
( B_T) _ DCpn Xn DCpn
op) .. - o XxX¥ P
31sg:xsctloadiabat Xn t+ xv £ + =

2
Cn  Xp RT*cp,

4)
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The tropopause is determined as follows. Provided that
the partial pressure p,q of the noncondensable com-
ponent at the bottom of the atmosphere and the surface
temperature T are given, 7(p) and x,(p) are obtained
by integrating (4) up to the top of the atmosphere. The
net radiation flux convergence can be calculated em-
ploying (2) and (3). There appears to be a height where
the net convergence becomes positive in the upper lev-
els of the atmosphere, where the temperature is suffi-
ciently low. The position of the tropopause is taken to
be this height.

d. Structure of the stratosphere

The stratosphere is in a radiative equilibrium. The
mole fraction of the condensable component in the
stratosphere is constant and is equal to the value at the
tropopause. The temperature structure with respect to
T can be immediately obtained from (2) and (3) with
Fl IRtop S @ parameter:

wB=lF{mp(§f+ 1). (5)
2 2
Equation (1) can also be integrated immediately and
gives

14

7 = (Ko XoMy + KpXaMy,) — .
mg (6)
= [kmop*( T1p)
+ Knmn(ptp b (Ttp))] 1_7;_’;_ ( )

where the subscript “tp” indicates that it is the value
at the tropopause. When 7 in (5) is replaced with p by
employing (7), the temperature structure ofthe strato-
sphere with respect to p is obtained for given F} IRtop-

Here p, remains as a parameter: the value of p,, will
be determined when the stratosphere is attached with
the troposphere.

Note that if we use «, = 0, then the stratospheric
model of Ingersoll is obtained. In the case of x, = 0,
(5) and (7) mean that T is a function only of p/p,,
and its functional form is readily determined without
any discussion of the tropospheric structure. Further-
more, when x,, = 0, the model of Komabayashi is ob-
tained.

3. Results and discussions
a. The Komabayashi-Ingersoll limit

Let us restrict ourselves to the cases where x, = 0
for the time being. The stratosphere of our model is
now exactly the same as that of Ingersoll and, therefore,
has the Komabayashi-Ingersoll limit. The derivation
of the Komabayashi-Ingersoll limit has been described
recently by Goody and Yung (1989). In this section,
by reproducing the derivation of the limit, the reason
for the existence of the Komabayashi-Ingersoll limit
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will be explained in detail, and the value of the Ko-
mabayashi-Ingersoll limit of our model will be cal-
culated.

By evaluating (5) and (7) at the tropopause, we have

1 3
EFIleop (‘2' Tip + 1) = O'Ttps (8)

1 m,
Ky D ( Tlp) - ;’

Tip (9)
In order to eliminate 7., and to obtain T, it is con-
venient to plot (8) and (9) on the 7,~-T,, plane. As
can be easily seen from Fig. 1, when Fig,,, exceeds a
certain value, the curves (8) and the curve (9) cannot
intersect at all. This value of F! IRtop 18 the Komaba-
yashi-Ingersoll limit. The reason for the appearance
of the Komabayashi-Ingersoll limit is now very clear.
The amount of absorbent matter (8) required for pre-
serving the radiative equilibrium and the amount of
absorbent matter (9) required for preserving the gas—
liquid equilibrium cause a contradiction. In order to
emit outgoing radiation above the Komabayashi-In-
gersoll limit, the atmospheric temperature must be suf-
ficiently high, but the absorbent matter obtained from

_the gas-liquid equilibrium at that temperature causes
the optical thickness to become too thick to allow the
required radiation. The cause of this contradiction de-
pends on the shape of the saturated water vapor pres-
sure curve.

The parameters of our model give the value of the
Komabayashi-Ingersoll limit to be 385 W m~2 and the
corresponding tropopause temperature to be 255 K.
As clearly seen from (8) and (9), the value of the Ko-
mabayashi-Ingersoll limit depends on the choice of

285w/m’ 385w/m” 485w/m’

Ttp

—
5 8 L0 E I D 13200 1) B L)1) B S 1111 B e

Tep

FiG. 1. The relationship between 7y, and Ty,. The thick lines rep-
resent Eq. (8) with Fir.,p as a parameter, and the thin line represents
Eq. (9).
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150 200 250 300 350
(K)

Ttp

FIG. 2. The relationship between T, and F Iriop- The Komabaya-
shi-Ingersoll limit of this model is 385 W m~2. The branch indicated
by the broken line is physically unrealistic.

parameters. The values obtained by Ingersoll (1969),
for instance, range from 321 to 655 W m™2

Flgure 2 shows the behav1or of Ttp with respect to
F! Rtop- When the value of F} IRtop 1 Smaller than the
Komabayashi-Ingersoll limit, there are two solutions
for T\,. Following Ingersoll’s argument, we do not ac-
cept the larger Ty, solution, since a supersaturated re-
gion exists within the stratosphere. The solution that
was not adopted is indicated in Fig. 2 as a dashed line.

The Komabayashi-Ingersoll limit is an extremely
strong limit in the sense that its existence does not
depend on the tropospheric structure. If only the
stratosphere is in a radiative equilibrium and its bottom
is saturated, this limit will appear. The only condition
that hints at the tropospheric structure is that the tro-
popause is saturated. The saturation condition can be
weakened to the condition that the relative humidity
is given at the tropopause. Let /2 be the relative hu-
midity. The equation (9) has only to be rewritten as

1 m,,
= K hp* (Ttp)

(10)
by which the same argument holds. For a fixed h < 1,
there is a limit value of F I’Rtop. In order to eliminate
the Komabayashi-Ingersoll limit by adjusting the ab-
sorbent matter, it is required that the tropopause con-
dition is slackened to (10), and moreover, the tem-

! More precisely, there are three solutions; the remaining one is
located at extremely large 7y,.
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perature dependency of / counteracts the temperature
dependency of p* ~ exp(—//RT). In other words, a
dynamic process that will cause an extremely dry
stratosphere must exist.

Finally, we have to note here that the derivation of
the Komabayashi-Ingersoll limit depends on the fact
that the relationships between the absorbent matter
and temperature are represented extremely simply. In
case the infrared absorption coefficient depends on the
wave length, that is, the atmosphere is not gray, the
amount of absorbent matter cannot be determined by
such a simple method as indicated in Fig. 1.

b. The re!anonsth between F} Riop and T's when pyg
= 10° Pa

Now let us determine the equilibrium structure that
includes the troposphere. In this section the partial
pressure p,o of the noncondensable component at the
bottom of the atmosphere is fixed to be 10° Pa, which
is the same value as Kasting’s (1988). This value is
roughly equal to the current earth’s surface pressure.
We still keep x, = 0 in this section.

The calculated relationship between 7, and Fl IRtop
is shown in Fig. 3. The vertical structures of the mole
fraction and the temperature are shown in Fig. 4 and
Fig. 5. In Fig. 4 the vertical coordinate is taken as pres-
sure p, while in Fig. 5 it is the optical depth 7.

The important points in Fig. 3 are the following two
items. The first is that the maximum of F mep does not
reach the Komabayashl-lngersoll limit. The second is
that the value of F} IRtop tends to be constant (about
293 W m™2) when the surface temperature is above
400 K. In our model F Iwap has an asymptotic value

Atop
[W/m ]
450 T T 4 L T
oTs
400 | Komabayash-Ingersoll limit -
wst [ Komabayashingersolitimit_J
350 =
300 |
Water vapor only
250 4
200 1 1 1 ] 1 1
250 300 350 400 450 500 550 600
Ts K]

FIG. 3. The relationship between T and F! Iriop fOT the case when
P, = 10° Pa. Fig,, for the case of the saturation water vapor at-
mosphere, the blackbody radiation ¢7T'¢{, and the Komabayashi-In-
gersoll limit are also indicated.
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in the same manner as those of Abe and Matsui (1988)
and Kasting (1988).

Let us observe the characteristics of Fig. 3 in detail.
Figure 5 shows that the optical depth of the entire at-
mosphere goes above unity as 7 exceeds 300 K. Hence,
when T is sufficiently above 300 K, F} IRtop 18 DOt di-
rectly related to T but to the temperature structure
around 7 = 1. Therefore, to understand the relationship
between 7T, and F wap, it is necessary to study the
changes in the temperature structure near = = 1 with
the changes of T,. From Fig. 4a it is seen that as T
becomes high, the temperature structure 7' = T(p) ap-
proaches the saturated water vapor pressure curve 7’
= T*(p). Correspondingly, the mole fraction of the
water vapor approaches unity (Fig. 4b). In order to
see the role of this temperature structure to F mep it is
necessary to translate this into the structure seen from
the optical depth T = T(+). Equation (1), however,
indicates that 7 = x,p/ g at the limit x, = 1. Therefore,
even when the temperature structure is seen from the
7 coordinate, the tendency of temperature structure to
approach a certain curve is unchanged. Actually, in
Fig. 5a it is depicted that the temperature distribution
with regard to + approaches a limiting curve as T in-
creases. As a result, the temperature structure in the
v1cm1ty of 7 = 1, which determines the value of
F! IRtops dOES NOL depend on T.

In order to ascertain the foregomg discussion, the
relationship between T, and F} IRtops Of Which the at-
mosphere consists only of the water vapor, is indicated
in Fig. 3. This is the case when the temperature and
the water vapor distribution are given exactly by the
saturated water vapor pressure curve It is clearly seen
that the asymptotic value of F} IRtop 1S Teproduced by
this water vapor atmosphere.

From Fig. 3, it is possible to determine the reason
that causes the upper and the lower limits of F fmop. It
is the magnitude of the tropospheric lapse rate around
7 ~ 1. First of all, for a fixed T, the value of F mep
determined from the water vapor atmosphere is the
lower limit of F fmop Secondly, F fmop decrease as T
increases for T, > 300 K, where 7s > 1. It should be
noted that in both cases F} IRtop decreases as the water
vapor content increases. According to (2), Firp 1S
represented as the integrated value of the gradient of
the thermal radiation B with respect to T, and hence,
F! iRiop DECOMes smaller as d7T'/d7 is decreased Let us
ignore the contribution of the stratosphere. The average
value of the moist adiabatic lapse rate d7°/ dp becomes
smaller as the mole fraction of the water vapor becomes
larger. This trend becomes even stronger for the lapse
rate with respect to the optical depth, d7'/dr, since the
optical depth per mass dr/dp becomes large as the
mole fraction of the water vapor increases. Thus, the
increase of water va Por causes smaller d7/dr, which
results in smaller Firop-

Regarding the asymptotic behavior of Fl IRtop> Kast-
ing (1988) explains that in such a temperature range
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the moist convective layer becomes thicker and the
atmosphere becomes opaque for the whole infrared
spectrum. Only the atmospheric region whose pressure
is below 0.2 ~ 0.3 bar will permit the emission into
outer space. Therefore, even when the convective layer
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becomes thicker as T increases, it has no influence on
the outgoing infrared radiation. Kasting has also
pointed out that the temperature structure approaches
the saturated water vapor pressure curve. This tendency
is also pointed out by Abe and Matsui (1988). These
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explanations, however, describe only half of the mech-
anism. What is really important is that the temperature
structure of the region is fixed with respect to 7. Re-
garding the radiative process, they do not attribute any
meaning to the asymptotic temperature structure.
When Fj is between 353 and 293 W m~2, there are
two solutions of the radiative equilibrium. One is a
solution in which the tropopause pressure is high, T
is low, and x, is small; the other is a solution in which
the tropopause pressure is low, T is high, and x, is
large. In these two solutions both temperature T;, and
optical depth 7., at the tropopause are equal. Note that
these two solutions correspond to the same point in
Fig. 2. It should be also noted that discussion of the

stability of these two solutions is beyond the scope of

the present model. One might be tempted to imagine
that equilibrium solutions on the branch where
F thop decreases against the increase of 7 are unstable
(for example, Komabayashi 1967). The argument of-
ten runs like this: provided that the incoming solar flux
is fixed, a slight increase in T would lead to a decrease
in outgoing IR and, hence, to a further increase in sur-
face temperature. Such arguments, however, contain
two implicit assumptions. First is that we have specified
the equations that govern the dynamic behavior of the
system around the steady states; that is, the atmo-
sphere-ocean system is in an “equilibrium state” even
when it does not balance with the incoming heat flux.
This assumption is accepted only after consideration
of time constants of the related physical processes. It
is quite possible that a slight increase in T leads to an
increase of Fig.p, since it takes a little bit of time to
establish the temperature and moisture structure that
would be in balance with the new T, and hence, the
stratosphere is warmed and the tropospheric height is
decreased. The second assumption is that the initial
perturbation of T can build up without any difficulty.
This is not obvious because the perturbation is not a
zero-energy disturbance; that is, we need extra energy
to build it up.

c. The relationship between F }Rm,, and T, when p, is
changed: The Komabayashi-Ingersoll limit with
the troposphere

It is suggested in the previous section that the value
of F ;Rmp increases as the water vapor amount decreases.
In the following, we will change the partial pressure
Dno of the noncondensable component at the bottom
of the atmosphere and realize the situations where the
mole fraction of water vapor is changed. The other
conditions are the same as in section 3b.

Figure 6 indicates the relationship between T and
F ,’Rmp for various p,p. It can be perceived that, at the
same value of T, Firp actually increases as po. For
a fixed T, the larger p,o means the smaller mole frac-
tion of the water vapor at each height, and therefore,
the lapse rate dT/dp and also dT/dr are larger. In Fig.
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FI1G. 6. The relationships between T and F, .’R.,,,, when p,ois changed.
Firup for the case of the saturation water vapor atmosphere, the
blackbody radiation ¢7'#, and the Komabayashi-Ingersoll limit are
also indicated.

6, at p,o = 107 Pa the maximum value of Figp, reaches
the Komabayashi-Ingersoll limit. Conversely, when p,o
is small, the saturated water vapor curve controls
F mep at lower temperature, and Fig.op approaches the
asymptotic value of the water vapor atmosphere more
easily.

Calculations show that, for a fixed T, the optical
depth of the entire atmosphere decreases as pno in-
creases (not shown). The entire optical depth for pyo
= 108 Pa is about one-half of that for p,, = 10* Pa.
This is because the smaller water vapor mole fraction
caused by the large p, gives the larger lapse rate. Con-
sequently, the vertically averaged atmospheric tem-
perature is lowered, and the amount of the water vapor
is decreased.

d. The relationship between F }R,o,, and T, when ¢,y is
made large: Another radiation limit

As seen in the previous sections, F' thop increases as
the lapse rate of the troposphere increases. As the mole
fraction of the water vapor decreases, the moist adi-
abatic lapse rate approaches the dry adiabatic lapse rate,
but it cannot exceed this value. Therefore, there should
be an upper limit of F wap determined by the dry adi-
abatic lapse rate. The reason why the Komabayashi-
Ingersoll limit is observed in Fig. 6 should be that the
Komabayashi-Ingersoll limit is smaller than the pos-
sible upper limit determined by the dry adiabatic lapse
rate. In order to have a larger value of the dry adiabatic
lapse rate and hence a smaller value of the possible
upper limit, the calculations in this section were made
with ¢,, = 4.5 R.
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Figure 7 shows the relationship between 7, and
F fmop All the values of F fmop in Fig. 7 are lower than
the Komabayashi-Ingersoll limit. The behavior of
Fl Irtop Clearly suggests that there exists an upper limit
other than the Komabayashi-Ingersoll limit. An in-
vestigation of the solutions shows that the mole fraction
of water vapor is extremely low (under 107%) in the
neighborhood of 7 = 1 and that the lapse rate can be
regarded as dry adiabatic.

The reason why F mep is almost constant over a cer-
tain range of T, when p, is increased is basically the
same as the reason for the asymptotic value mentioned
earlier. The temperature structure with respect to =
around 7 ~ 1 becomes independent of T. Substituting
X, = p*/p into (1) and ignoring the effect of strato-
sphere, the optical depth is given by

0 *
p* m,
T(p)=—fx—7- dp'.
» | D' g

(11)

The independent variable can be replaced from pto T
by regarding the tropospheric temperature as the dry
adiabatic lapse rate:

0 *
(T)y=-~1{ « P i
T

vR—T,Cpnn_z—ng'. (12)
It can be seen from ( 12) that the temperature structure
is written in the form of 7= T'(7), and consequently,
the temperature determined exclusively if only the op-
tical depth is given. Hence, when the atmosphere is
suﬁic1ently thick and there is no surface contribution
to F IRtop> then F! Iriop dO€s not depend on T but be-

comes constant.
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FIG. 7. The relationships between T, and F, ,'pr when ¢,, is in-
creased to be 4.5R. The values of p,o are 10° Pa, 107 Pa, and 10®
Pa. The blackbody radiation ¢7¢ and the Komabayashi-Ingersoll
limit are also indicated.

JOURNAL OF THE ATMOSPHERIC SCIENCES

VoL. 49, No. 23

/Nop

[W/m ]

450 N ' T
U S )
a0 i 1

350

300

250

400

450

1

500

200

250 300 350 550 600

Ts [K]

F1G. 8. The relationships between T; and F ,’R.o,, when the non-
condensable component absorbs infrared radiation. The solid lines
indicate the cases when the absorption coefficient of the noncon-
densable component «, is 0.0, 0.0001, 0.001, and 0.01 m? kg™', re-
spectively. The dashed lines indicate the cases where the condensable
component is transparent (x, = 0 m? kg™').

e. The relationship between F }R,o,, and T, when the
noncondensable component absorbs infrared
radiation

It was assumed up to the previous section that the
noncondensable component was transparent to in-
frared radiation. In this section the effects of the non-
condensable component on infrared absorption will
be considered.

Figure 8 shows the results of calculations with p,q
= 10° Pa when «,, is increased from 0 t0 0.01 m? kg™'.
The case of x,, = 0 m? kg ™! is the same as that described
in section 3b. The interesting point of Fig. 8 is that the
maximum value of F mep, which appears around T
= 300 ~ 350 K, becomes smaller and eventually dis-
appears as the absorption due to the noncondensable
component becomes stronger. This is simply because
when T, is fixed the increase of absorption reduces
F} IRtop- At high values of Ts, however, the asymptotic
value of Fir.p remains, as in the cases where the non-
condensable component is transparent, since the
asymptotic value appears as the atmosphere approaches
the structure composed only of the condensable com-
ponent.

The behavior of F} IRtop Shown in Fig. 8 is informative
in understanding the results of the previous studies.
Both Abe and Matsui (Tl988) and Kasting (1988) give
asymptotic values of Frp similar to that of our model.
In their models, however, a maximum of F fmo,,, like
that indicated in our earlier figures, does not exist, or
if it does, the value is extremely small. From the results
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shown here it is considered that the reason why the
maximum values are small is because they include the
absorption due to carbon dioxide. The fact that a small
maximum appears in Kasting (1988) while no maxi-
mum is found in Abe and Matsui ( 1988) is explained
by the difference of the noncondensable component.
As the noncondensable component, Kasting (1988)
considered the actual air, while Abe and Matsui (1988)
considered pure carbon dioxide. The noncondensable
component composed of pure carbon dioxide has a
larger absorption coefficient than that of the actual air.

Finally, let us consider a complete reversal situation
to what we have assumed up to the present section.
Let us assume that the condensable component (water
vapor) is transparent (k, = 0 m? kg™'). The broken
line in Fig. 8 describes the relationship between
F mep and T, in such a case. Even when the surface
temperature becomes high, F} irtop dOES DOt approach
any constant values. We have to note that even in this
case the temperature structure with respect to p ap-
proaches the saturation vapor curve as 7 increases (not
shown). For the same value of «,, there are hardly any
differences of the atmospheric structure between the
solid-line («, # 0) and the broken-line («, = 0) cases
of Fig. 8. As discussed in section 3b, in order to have
an asymptotic value of Ffmop, the atmospheric struc-
ture with regard to 7 should become fixed. Only that
the temperature structure approaches the saturation
vapor curve is insufficient.

4. Concluding remarks

There are restrictions on the infrared radiation
F thop that can be emitted from the top of a gray at-
mosphere, that has a saturated troposphere and a ra-
diative equilibrium stratosphere:

1) F fmp cannot exceed the blackbody radiation
oT?$ that corresponds to the surface temperature 7.
This is the thin limit of the optical thickness of the
atmosphere

2) F} IRtop CaNNOt exceed the Kornabayashl—lngersoll
limit. The Komabayashi-Ingersoll limit is the upper
limit of F fmop emitted from a radiative equilibrium
stratosphere that has a constant mole fraction of water
vapor and a saturated tropopause.

3) When the optical thickness of the entire atmo-
sphere is sufficiently larger than unity,

i) F fR,op 1s larger than the value obtained for the
saturation water vapor atmosphere where the at-
mosphere is composed only of the saturated water
vapor,

(ii) F} IRtop 1S SMaller than the value obtained for
the atmosphere whose lapse rate is almost equal to
the dry adiabat. This is the case when the mole frac-
tion of water vapor in the atmosphere is extremely
small.
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The existence of an upper limit and a lower limit of
Ffmop is caused by the fact that the moist adiabatic
lapse rate is larger than the lapse rate determined by
the saturation water vapor pressure curve and smaller
than the dry adiabatic lapse rate. These limiting values
do not depend on p,o or T;. This is because the tem-
perature structure can be written only in terms of the
optical thickness; that is, T = T'(r). Such a functional
relationship between 7 and 7 is obtained when the
temperature structure approaches a gas-liquid equilib-
rium curve that is represented only as a function of
pressure, 7 = T(p), and, moreover, when the amount
of the condensable component (that is, the absorption
matter) is determined only by pressure and the optical
depth can be represented only as a function of pressure,

T =1(p).

According to these restrictions for Figp, the radia-
tion limit of the atmosphere is determined in the fol-
lowing way. At the extreme low limit of T, F thop is
almost equal to the upper limit of item 1. When the
surface temperature is at its high limit, the mole fraction
of water vapor becomes unity, so Firep approaches
the lower limit defined in item 3a. When the optical
thickness of the entire atmosphere becomes sufficiently
larger than unity, but the mole fraction of water vapor
is sufficiently smaller than 1, the smaller of either the
Komabayashi-Ingersoll limit (item 2) or the dry adi-
abatlc limit (item 3b) appears. The region where
Fl IRtop GO€s not depend on T, which appears in the
results of Abe and Matsui (1988) and Kasting (1988),
corresponds to that indicated in item 3a and is different
from the Komabayashi-Ingersoll limit. The runaway
greenhouse state appears when the radiation limit of
F fmop exists and the incident solar flux is larger than
this limit.

There is a possibility that the foregoing conclusion
greatly depends on the fact that the radiation model is
gray. For the existence of an asymptotic value of
F fmop, it is important that the temperature structure
can be written in the form of 7= T(7) for large 7.
Even if the radiation is not gray, there is a good evidence
that such an equation may be obtained, since, despite
the fact that the radiation processes of Abe and Matsui
(1988) and Kasting ( 1988) are not gray, their models
exhibit a region where F fmo,, does not depend on 7.
The reason for the correspondence of their results and
those presented here is that in such high temperature
and high pressure the continuous absorption band of
water vapor comes to predominate and its absorption
characteristic becomes close to that of the gray ab-
sorber.
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